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Abstract Let ip : R" X [0, oo) — > [0, oo) be a function such that Lp{x,-) is an Orlicz function and f{-,t) S 
AJJ,'^(]R") (the class of local weights introduced by V. S. Rychkov). In this paper, the authors introduce a 
local Musielak-Orlicz Hardy space /i^(R") by the local grand maximal function, and a local BMO-type space 
bmo^5(R") which is further proved to be the dual space of h^{M."). As an application, the authors prove that 
the class of pointwise multipliers for the local BMO-type space bmo'^(IR"), characterized by E. Nakai and K. 
Yabuta, is just the dual of Li(R") -f- h^g{R"), where (f) is an increasing function on (0, oo) satisfying some 
additional growth conditions and $o a Musielak-Orlicz function induced by tp. Characterizations of h^{M"), 
including the atoms, the local vertical and the local nontangential maximal functions, are presented. Using the 
atomic characterization, the authors prove the existence of finite atomic decompositions achieving the norm in 
some dense subspaces of fc^{R"), from which, the authors further deduce some critcrions for the boundcdncss 
on h^(K^) of some sublinear operators. Finally, the authors show that the local Riosz transforms and some 
pseudo-differential operators are bounded on /i^(R"). 
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1 Introduction 

It is well known that the theory of the classical local Hardy spaces /i^(R") with p G (0, 1], originally 
introduced by Goldberg [20], plays an important role in partial differential equations and harmonic 
analysis (see, for example, [11,20,51,60-62] and their references). In particular, pseudo-differential 
operators are bounded on /iP(R") with p G (0,1], but they are not bounded on Hardy spaces ifP(R") 
with p e (0,1] (see [20] and also [61,62]). Moreover, it was proved by Goldberg [20] that hP{R") with 
p G (0, 1] is closed under composition with diffeomorphisms and under multiplication by smooth functions 
with compact support; while HP{W'-) with p e (0, 1] is not. 
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It is also well known that the classical BMO space (the space of functions with bounded mean oscillation) 
originally introduced by John and Nirenberg [33] and the classical Morrey space originally introduced by 
Morrey [42] play an important role in the study of partial differential equations and harmonic analysis 
(see, for example, [13,16,17,44]). In particular, Fefferman and Stein [17] proved that BMO(M") is the 
dual space of 77i(M"). Also, Goldberg [20] introduced the local variant, bmo(M"), of BMO(M") and 
proved that bmo(]R") is the dual space of h^{M.^). 

In [11], Bui studied the weighted version, hP(W"), of hP{W) with lo e ^oo(M"), here and in what fol- 
lows, Aoo(K") denotes the class of Muckenhoupt's weights (see, for example, [18,19,21] for their definitions 
and properties). Rychkov [51] introduced and studied a class of local weights, denoted by A]^ (M") (see 
also Definition 2.2 below), and the weighted Besov-Lipschitz spaces and the Triebel-Lizorkin spaces with 
weights belonging to Ajjf (R"), which contains ^oo(K") weights and the exponential weights introduced 
by Schott [52] as special cases. In particular, Rychkov [51] generalized some of the theory of weighted 
local Hardy spaces developed by Bui [11] to A]^ (R") weights. Very recently. Tang [58] established the 
weighted atomic characterization of /i^^(K") with uj G Aj^"^ (M") via the local grand maximal function. 
Tang [58] also established some criterions for the boundedness of S/3-sublinear operators on /i^, (R") (see 
Section 6 of this paper for the notion of iJ/g-sublinear operators, which was first introduced in [65]). As 
applications. Tang [58,59] proved that some strongly singular integrals, pseudo-differential operators and 
their commutators are bounded on ft,P(R"). It is worth pointing out that in recent years, many papers 
focused on criterions for the boundedness of (sub)linear operators on various Hardy spaces with different 
underlying spaces (see, for example, [9,10,22,23,37,40,41,49,58,65,66]), and on the entropy and approx- 
imation numbers of embeddings of function spaces with Muckenhoupt weight (see, for example, [24-27]). 
Moreover, let i be a linear operator on i^(R"), which generates an analytic semigroup {e~*^}t^o with 
kernels satisfying an upper bound of Poisson type; the local Hardy space ft-^(R") associated with L and 
its dual space were studied in [31]. 

On the other hand, as the generalization of L^'(R"), the Orlicz space was introduced by Birnbaum-Orlicz 
in [3] and Orlicz in [46] . Since then, the theory of the Orlicz spaces themselves has been well developed 
and these spaces have been widely used in probability, statistics, potential theory, partial differential 
equations, as well as harmonic analysis and some other fields of analysis (see, for example, [2,28,39,47,48]). 
Moreover, Orlicz-Hardy spaces are also suitable substitutes of the Orlicz spaces in dealing with many 
problems of analysis (see, for example, [29,30,55,63]). Recall that Orlicz-Hardy spaces and their dual 
spaces were studied by Stromberg [55] and Janson [29] on R" and Viviani [63] on spaces of homogeneous 
type in the sense of Coifman and Weiss [12]. The weighted local Orlicz-Hardy space ft.*(R"), with 
u! E A]^ (R") and $ being an Orlicz function of critical lower type index G (0, 1] (see Section 2 below 
for the notions of Orlicz functions and ) , via the local grand maximal function was introduced in [64] . 
Let pit) := t-^/<!>-^(t-^) for all t e (0,oo), where denotes the inverse function of The BMO- 
type space bmOp^i^(R") was also introduced in [64], which was proved to be the dual space of /i*(R") 
therein. Characterizations of ft,J(R"), including the atoms, the local vertical and the local nontangential 
maximal functions, were presented in [64]. Some criterions for the boundedness of /B/g-sublinear operators 
on /i*(R") were also given in [64]. As applications, it was showed, in [64], that the local Riesz transforms 
and some pseudo-differential operators are bounded on /iJ(R"). Moreover, Orlicz-Hardy spaces associated 
with some differential operators and their dual spaces were introduced and studied in [30,32,38]. 

Let (phe a positive increasing function on (0, 00), and BMO'^(R") and bmo'^(R") two classes of BMO- 
type spaces introduced by Nakai and Yabuta [45] (see also Definition 7.7 below). Assume further that 
4>{r)/r is almost decreasing, namely, there exists a positive constant C such that 4'{t)/t ^ C(f>{s)/s for all 
t, s G {0,00) with t^s. Nakai and Yabuta [45] proved that a function g on R" is a pointwisc multiplier 
on bmo'^(R") if and only ff g G BMO'''(R") n L°°(R"), where 
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for all r G (0,00) (see [45, Theorem 3] or Proposition 7.8 below). 

Recently, Ky [35] introduced a new Musielak-Orlicz Hardy space, H^{W^), via the grand maximal 
fmiction, which generalizes both the Orlicz-Hardy space of Stromberg [55] and Janson [29] and the 
weighted Hardy space i/^(R") studied by Garcfa-Cuerva [19] and Stromberg and Torchinsky [56]. Here, 
if : K" X [0,00) — > [0,00) is a function such that f{x,-) is an Orlicz function and f{-,t) is a uniform 
Muckenhoupt weight. In particular, when ip{x,t) := $(t) for aU x G M" and t G [0, 00), H'^{W^) is 
just the classical Orlicz-Hardy space, where $ is an Orlicz function with upper type 1 and lower type 
p G (0, 1]. In [35], Ky established the atomic characterization of H'^{M."); as an application, Ky also gave 
some criterions for the boundedness of i5^-sublinear operators on _ff'^(]R"). Ky [35] further introduced 
the BMO-type space BMO(^(R"), which was proved to be the dual space of i7'^(R"); as an interesting 
application, Ky proved that the class of pointwise multipliers for BMO(M"), characterized by Nakai and 
Yabuta [45], is the dual space of L^{W) + where is the Musielak-Orhcz Hardy space 

related to the Musielak-Orlicz function 



' ^ ■ log(e+ |a;|) +log(e + i) 

for all X G M" and t G [0, 00). Musielak-Orlicz functions are the natural generalization of Orlicz functions 
that may vary in the spatial variables (see, for example, [14,15,35,43]). Recall that the motivation to 
study function spaces of Musielak-Orlicz type comes from the applications to elasticity, fluid dynamics, 
image processing, nonlinear partial differential equations and the calculus of variation (see, for example, 
[5-7,14,15,35,36]). It is worth noticing that some special Musielak-Orlicz Hardy spaces appear naturally 
in the study of the products of functions in BMO(M") and iJ^(M") (see [6,7]), and the endpoint estimates 
for the div-curl lemma (see [4, 6] ) . 

Let If : M" x [0, 00) — > [0, cxi) be a growth function, namely, (p{x, •) is an Orlicz function of upper 
type 1 and lower type p G (0, 1], and 'p{-,t) belongs to A]^'^(IR") (see Definition 2.5 below). Motivated 
by [35,51,64], in this paper, we introduce a new local Musielak-Orlicz Hardy space, /i^(R"), via the 
local grand maximal function and the local BMO-type space, bmo,p(M"), which is further proved to be 
the dual space of /i;^(]R"). As an interesting application, we show that the class of pointwise multipliers 
for bmo'^(M"), characterized by Nakai and Yabuta in [45], is the dual of L^{W) + /i$o(K"), where 
is an increasing function on (0, 00) satisfying some additional growth conditions (see Theorem 7.9 and 
Remark 7.10 below), bmo'^(R") denotes the local BMO-type space introduced by Nakai and Yabuta 
in [45], and $0 is a Musielak-Orlicz function induced by (j). Characterizations of /i,^(M"), including the 
atoms, the local vertical and the local nontangential maximal functions, are presented. Using the atomic 
characterization, we prove the existence of finite atomic decompositions achieving the norm in some 
dense subspaccs of h^(M."'), from which we further deduce that for a given admissible triplet {(p, q, s) 
and a /3-quasi-Banach space Bp with /3 G (0, 1], if T is a S^-sublinear operator, then T uniquely extends 
to a bounded S^-sublinear operator from /i^(R") to Bp if and only if T maps all {if, q, s)-atoms and 
{(p, (7)-single-atoms with q < 00 (or all continuous {ip, q, s)-atoms with q = 00) into uniformly bounded 
elements of Bp. Finally, we show that the local Ricsz transforms and some pseudo-differential operators 
are bounded on /i<^(R"). We point out that the local Musielak-Orlicz Hardy space /i;p(M") includes the 
classical local Hardy space in [20], the weighted local Hardy space with Muckenhoupt weight in [11] and 
with local Rychkov weight in [58] and the weighted local Orlicz-Hardy space in [64] as special cases. 

Precisely, this paper is organized as follows. In Section 2, we recall some notions concerning Musielak- 
Orlicz functions, some examples, and some properties established in [35] for growth functions. 

In Section 3, we first introduce the local grand maximal function, the local Musielak-Orlicz Hardy 
space, /i^^7v(IR"), and then the atomic local Musielak-Orlicz Hardy space, ft,*^' *(R"), for any admissible 
triplet {(f, q, s) (see Definitions 3.3 and 3.5 below). We point out that when 

ip{x,t) -.^ u{x)<Pit) (1.1) 

for all X G M" and t G [0, 00), the local Musielak-Orlicz Hardy space, /i;^^Ar(R"), is just the weighted 
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local Hardy space h'^ Ar(M") introduced in [64]. Here, uj G and $ is an Orlicz function of 

upper type 1 and lower type p £ (0, 1]. Next, we establish the local vertical and the local nontangential 
maximal function characterizations of /iip,Ar(IR") via a local Caldcron reproducing formula and some 
useful estimates established by Rychkov [51], which generalizes [64, Theorem 3.14] by taking (p as in (1.1) 
(see Theorems 3.13 and 3.14 and Remark 3.15 below). Finally, we present some properties of these spaces 
in Propositions 3.17 and 3.18 below. 

Throughout the whole paper, as usual, I?(IR") denotes the set of all C°°(M") functions on M" with 
compact support, endowed with the inductive limit topology, and I?'(R") its topological dual space, en- 
dowed with the weak-* topology. In Section 4, for any given / S I?'(R"), integer s ^ ln[q{ip)/i{(p) — 1]J 
and A > infajgMri Q^^ R{f){x), where q{(p), i{(p) and Qj^ ^(/) are respectively as in (2.9), (2.3) and (3.2) 
below, [a\ for any a e M denotes the maximal integer not more than a and i? = 23(1°+"), follow- 
ing [8,10,54,58,64], via a Whitney decomposition of ilx in (4.1), we obtain the Caldcron-Zygmund 
decomposition f = g + hi in I?'(K") of degree s and height A associated with the local grand maximal 
function Q^^ rH)- The main task of Section 4 is to recall some subtle estimates for g and {bi}i, mainly 
from [58]. Precisely, Lemmas 4.2 through 4.5 are estimates on the bad part of /, while Lemmas 

4.6 and 4.7 on g, the good part of /. As an application of these estimates, we obtain the density of 
i«(.^^^(M") n /iy,Ar(M") in /i^,Ar(M"), where q € {q{>f),oo) (see Corollary 4.8 below). 

In Section 5, we prove that for any admissible triplet {ip, q, s), h^' °°'^{W^) = ^<^. Ar(K") with equivalent 
quasi-norms when positive integer N ^ (see (3.20) below for the definition of N^p), by using the 
Calderon-Zygmund decomposition and some subtle estimates presented in Section 4, which completely 
covers [64, Theorem 5.6] by taking as in (1.1) (see Theorem 5.7 and Remark 5.8 below). For simplicity, in 
the remainder of this introduction, we denote by /i^(IR") the local Musielak- Orlicz Hardy space, h^, jsiiW^), 
with positive integer N ^ N^p. 

Assume that ((/?, q, s) is an admissible triplet and satisfies the uniformly locally g-dominated conver- 
gence condition when q G {q{ip),oo) and the uniformly locally (/g-dominated convergence condition with 
some (7o € (g((p),oo) when g = oo (see Definition 6.2 below). Let /i^^'' *(IR.") be the space of all finite 
linear combinations of {ip, q, s)-atoms or {ip, q)- single- atoms (see Definition 6.1 below), and h'^^°^' (R"') 
the space of all f € h^^°°' (W^) with compact support. In Section 6, we prove that || • '■(K") ^^nd 

II • \\h.^{R'^) are equivalent quasi-norms on /i^;'' ''(R")nL^(. i)(M") when g < oo and on /).^„[^' '(]l")nC(M") 
when q ~ oo (see Theorem 6.3 below). As an application, we prove that for a given admissible triplet 
(tp, q, s) and a /3-quasi-Banach space Bp with £ (0, 1], if T is a ;B/3-sublinear operator from /ig^"^' "(K") 
to Bjs when q € {q{(p),oo) or from /igj^""' "(R") n C(R") to Bp when q = oo, and (p is of uniformly upper 
type p G (0,/3], then T uniquely extends to a bounded ;B^-sublinear operator from /i^(K") to Bp if and 
only if T maps all (ip, q, s)-atoms and (ip, q)-single-atoms with q € {q{ip),oo) (or all continuous {ip, q, s)- 
atoms with q = oo) into uniformly bounded elements of Bp (see Theorem 6.5 below). We remark that 
this extends both the results of Meda-Sjogren-Vallarino [40,41] and Yang-Zhou [66] to the setting of local 
Musielak- Orlicz Hardy spaces. We also point out that Theorem 6.3 and Theorem 6.5 below completely 
cover [64, Theorem6.2] and [64, Theorem 6.4], respectively, by taking p as in (1.1) (see Remark 6.6 
below). 

In Subsection 7.1, we introduce the BMO-type space bmo^(]R") which is proved to be the dual space 
of /iV''°°'''(M") (see Theorem 7.5 below). Combining Theorems 5.7 with 7.5, we see that [/i^(R")]* = 
bmo^(M") (see Corollary 7.6 below). Assume that (/>= 1 or is an increasing function on (0, oo) satisfying 
the fact that (j){r)/r is almost decreasing and (j) is of lower type po £ (0, 1] (more generally, satisfies 
(7.10) below). As an application of Corollary 7.6, in Subsection 7.2, we show that the class of pointwise 
multipliers for bmo'^(R") characterized by Nakai and Yabuta [45] is the dual of L^(R") + h^g{M."-) (see 
Theorem 7.9 below). Recall that when (f) = 1, bmo'^(]R") is just bmo(M") introduced by Goldberg in [20]. 

In Subsection 8.1, we first prove that the local Riesz transforms are bounded on /iy(R") with ip S 
Ap°'^(R") for p e [l,oo), which completely covers [64, Theorem8.2] by taking ip as in (1.1), where $ is 
further assumed to satisfy the fact that p$ = and p'^ is the attainable critical upper type index of $ 
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(see Section 2 below for the definitions of p$ and pj), which is now proved to be superfluous in Theorem 
8.2 below (see also Remark 8.4 below). Finally, let </5(-,i) be a weight having better properties than 
Aj^'^ (R") and T an S'i.o(IR") pseudo-differential operator. We prove that T is bounded on h^{W), which 
completely covers [64, Theorem 8.18] (see Theorem 8.9 and also Remark 8.11 below). 

Finally, we make some conventions on some notation. Throughout the whole paper, we denote by C a 
positive constant which is independent of the main parameters, but it may vary from line to line. We also 
use C(7, /?,•••) to denote a positive constant depending on the indicated parameters 7, /3, • • • . The symbol 
A< B means that A ^ CB. liA<B and B < A, then we write A^^ B. The symbol [sj for s e M denotes 
the maximal integer not more than s. For any given normed spaces A and B with the corresponding 
norms || • and || • the symbol A C B means that for all / G A, then f E B and For any 

measurable subset E of M", we denote by the set M" \ E and by xb its characteristic function. We 
also set N := {0, 1, • ••} and Z+ := {1, 2, •• •}. For any := (6*1, . . . , 6l„) e N", let \e\ := ei + ---+0n and 
:= g of a„ ■ Given a function g on M", if g{x) dx ^ 0, we let Lg := —1; otherwise, we let G N 

be the maximal integer such that g has vanishing moments up to order Lg, namely, Jju„ g{x)x°' dx = 
for all multi- indices a with \a\ ^ Lg. 

2 Preliminaries 

In Subsection 2.1, we recall some notions and notation concerning Musiclak-Orlicz functions considered 
in this paper; some specific examples of Musielak-Orlicz functions satisfying the assumptions are also given 
in this subsection. Subsection 2.2 is devoted to recalling some properties of Musielak-Orlicz functions 
established in [35]. 

2.1 Musielak-Orlicz functions 

We recall that a function $ : [0, 00) — > [0, 00) is called an Orlicz function if it is nondecrcasing, 
$(0) = 0, $(t) > for i e (0,00) and limt^oo $(0 = 00 (see, for example, [43,47,48]). The function $ 
is said to be of upper type p (resp. lower type p) for some p € [0, 00), if there exists a positive constant 
C such that for all t £ [1, 00) (resp. t € [0, 1]) and s e [0, 00), 

$(si) s$ CiP$(s). (2.1) 

If $ is of both upper type pi and lower type Pq, then <f> is said to be of type {pq, pi). Let 

:= mi{p e [0,03) : there exists C e (0,oo) 

such that (2.1) holds for all t £ [1, 00) and s G [0, 00)}, 

and 

:= sup{p e [0, 00) : there exists C e (0, 00) 

such that (2.1) holds for all t e [0, 1] and s e [0, 00)}. 

The function $ is said to be of strictly lower type p if for all t G [0, 1] and s G [0, 00), $(st) ^ iP$(s), 
and define 

p$ := sup{p G (0, 00) : $(st) iP$(s) holds for all t G [0, 1] and s G [0, 00)}. 

It is easy to see that p<s> ^ p^ ^ for all $. In what follows, p$, p^ and arc respectively called 
the strictly critical lower type index, the critical lower type index and the critical upper type index of 
Moreover, it was proved in [30, Remark 2.1] that $ is also of strictly lower type in other words, p$ 
is attainable. 
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Remark 2.1. We observe that, via the Aoki-Rolewicz theorem in [1,50], all results in [64] arc still true 
if the assumptions on p$ therein are relaxed into the same assumptions on p J . 

Given a function ip : R" x [0, oo) — > [0, oo) such that for any x e R", (p{x, •) is an Orlicz function, and 
we say that ip is of uniformly upper type p (resp. uniformly lower type p) for some p G [0, oo) if there 
exists a positive constant C such that for all x £ M", t £ [0, oo) and s £ [1, oo) (resp. s £ [0, 1]), 

ip{x,st) i^CsPip{x,t). (2.2) 

We say that ip is of positive uniformly upper type (resp. uniformly lower type) if it is of uniformly upper 
type (resp. imiformly lower type) p for some p £ (0, oo), and let 

i((p) := sup{p £ (0, oo) : 93 is of uniformly lower type p}. (2-3) 

The following notion of local weights was introduced by Rychkov [51] when q £ (1, 00] and by Tang [58] 
when p = 1. Let Q be a cube in R" and denote its Lebesgue measure by \Q\. Throughout the whole 
paper, all cubes are assumed to be closed with their sides parallel to the coordinate axes. 

Definition 2.2. Let p £ (l,oo). The weight class A^°'^ {W^) is defined to be the set of all nonnegative 
locally integrable functions w on R" such that 

Al°^u) := sup [ Lo{x)dx ( ( [lo{x)]-p' 'P dxX'' < 00, (2.4) 

\Q\^l\QrJQ \Jq ) 

where the supremum is taken over all cubes Q c R" with |Q| 1 and i + ^ = 1. 

When p = 1, the weight class ^'°'^(R") is defined to be the set of all nonnegative locally integrable 
functions lj on R" such that 



A^i'^ {uj) := sup f a;(a::) da; ( esssup [w(?/)] ^) < 00, 
IQKi l<y| Jq \ yeQ J 



(2.5) 



where the supremum is taken over all cubes Q C R" with \Q\ ^ 1. 

When p = 00, the weight class A]^ (R") is defined to be the set of all nonnegative locally integrable 
functions ui on R" such that for any a £ (0, 1), 



A^"" (w; a) := sup 
IQKi 



u;{Q) 

FCQ. \F\^a\Q\ ^[-f ) 



< 00, (2.6) 



where the first supremum is taken over all cubes Q C R" with |Q| ^ 1 and the second one over all 
measurable sets F C Q with the indicated properties. Here and in what follows, for any subset E C R", 
let Lj{E) :~ Jg u){x) dx. 

Remark 2.3. (i) By Holder's inequality, we see that (R") C ^J^i'^ (R") C ^J^'=(R"), if 1 pi < 
P2 < 00. Conversely, it was proved in [51, Lemma 1.3] that if G A^^ (R"), then uj £ A^°'^ (R") for some 
p £ [1, 00). Thus, we see that A^^"^ (R") = Ui^p<ooAp (R")- 

(ii) For any given constant C £ (0, 00), the condition |Q| ^ 1 can be replaced by \Q\ ^ C in (2.4), (2.5) 
and (2.6) (sec [51, Remark 1.5]). In this case, A^°'^ (lu) with p £ [1, 00) and A]^ (w, a) depend on C. 

(iii) By the definition of ^^"'^ (R"), we know that if a; £ A^"" (R") for some q £ [1, 00), then w £ A^""" (R") 
for all p £ {q, 00]. It was proved in [58, Lemma 2.1(n)] that if w G ^^°'=(R") for some p £ (1,00), then 
UJ £ A^°'^ (R") for some r G [l,p). Thus, for any given cj G A^^ (R"), we define the critical index of uj by 

:=inf{pG [l,oo): u;g4°^(R")}. 

Obviously, G [l,oo). When q^ £ (l,oo), it is easy to see that uj ^ A^°^{M.'^). Moreover, motivated 
by Johnson and Neugebauer [34, p. 254, Remark], it was proved in [64, Remark 2.5] that there exists an 
UJ ^ (R") such that q^, = I. 
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Let (f : M" X [0,00) — )■ [0,00) satisfy tlie fact tliat x i— >■ (p{x,t) is measurable for all t e [0,oo). 
Following [35], ^{-jt) is called uniformly locally integrable if for all compact sets K in R", 



sup < ip{x, t) 

K t<£{0,oo} I 



ip{y,t)dy 



dx < 00. 



Definition 2.4. Let ip : R" x [0, oo) — > [0, oo) be uniformly locally integrable. The function Lp{-, t) is said 
to satisfy the uniformly local weight condition for some q E [l,oo), denoted by G A^"*^ (IR"), if, when 
q e (l,oo), 

Af(^):= sup sup [ ^{x,t)dx( [ My,t)]-'>'/'^dy) < oo, (2.7) 

te[o,oo) iQKi l<^r Jg \Jq J 

where l/q + l/g'^l.or 

A'°'^ ((/j) := sup sup / (^(x, i) ( esssup [(/3(y, t)]~^ ) < cxo. (2.8) 
te[o,oo) iQl^i IQI JQ V yeQ / 

Here, the first supremums are taken over all t G [0,oo) and the second ones over all cubes Q C M" with 

Recall that in Definition 2.2, if sup|Q|^j^ in (2.7) and (2.8) is replaced by supQ, then (R") is just 
Ag(R"), which was introduced by Ky [35]. 
Let (R") := (R") and define 

g(^) := inf {q G [1, oo) : ^ G Af (R")} . (2.9) 

Obviously, q{}p) G [l,oo). Similar to the proof of [58, Lemma 2.1(ii)], we know that if iy9 G Ajj"^ (R") 
for some p G (l,oo), then </? G Aj?'^(R") for some r G [l,p). Thus, when q{}p) G (l,oo), we know that 
V ^ ^g°(^)(]^")- Moreover, from Remark 2.3(iii), we deduce that there exists <p ^ Ai°'=(R") such that 
q{^)^l. 

Now, we introduce the notion of growth functions. 

Definition 2.5. A function Lp : R" x [0, oo) — >■ [0, oo) is called a growth function if the following hold: 

(i) The function is a Musielak-Orlicz function, namely, 

(i)i the function tf{x, •) : [0,oo) — > [0,oo) is an Orlicz function for all x G R"; 
(1)2 the function (p{-,t) is a measurable function for all t G [0, 00). 

(ii) ^&A'^-{W'). 

(iii) The function (p is of positive uniformly lower type p for some p G (0, 1] and of uniformly upper type 
1. 



For a growth function tp, we define 



mijp) :- 



i{if) 



- 1 



(2.10) 



Clearly, (/? as in (1.1) is a growth function if w G (R") and $ is an Orlicz function of lower type p 
for some p G (0, 1] and of upper type 1. It is known that, for p G (0, 1], if $(t) for all t G [0, 00), then 
<I> is an Orlicz function with p<i, = p~^ = p% = p; for p G [^,1], if ^{t) := t^/ ln(e + t) for all t G [0, 00), 
then $ is an Orlicz function with p^ = P = P^, P$ is not attainable, but is attainable; for p G (0, ^], 
if $(t) := tP ln(e + 1) for all t G [0, 00), then $ is an Orlicz function with p^ = P = P^, P^ is attainable, 
but is not attainable. Another typical and useful growth function is 

ip{x,t) 



[ln(e + |x|)]/3 + [ln(e + t)]7 



for all X G R" and t G [0, 00) with some a G (0, 1], /3 G [0,oo) and 7 G [0, 2q;(1 + ln2)]; more precisely, 
Lp G h}^^ (R"), V is of uniformly upper type a and i[<p) = a (see [35]). 
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2.2 Some basic properties of growth functions 

From now on till the end of this paper, we always assume that if is a growth function as in Definition 
2.5. Let us now introduce the Musielak-Orlicz space. 

The Musielak-Orlicz space L'^(]R") is defined to be the set of all measurable functions / such that 
f{x, |/(a;)|) dx < oo with Luxembourg norm 

||/|U.(K„) :=inf |Ae (0,oo) : J^^^ (^xj-^^ dx ^ 1 

In what follows, for any measurable subset E of R", we denote ^{x, t) dx by f{E, t) for any t S [0, oo). 

The following Lemmas 2.6, 2.7 and 2.8 on the properties of growth functions are, respectively, [35, 
Lemmas 4.1, 4.2 and 4.3]. 

Lemma 2.6. (i) Let if be a growth function. Then ip is uniformly a -quasi- subadditive on R" x [0,oo), 
namely, there exists a positive constant C such that for all {x, tj) € K." x [0, oo) with j G Z^, 

oo \ oo 

(ii) Let tp be a growth function and (p{x,t) := v>{x^,s) {x,t) G M" x [0,oo). Then if is a 
growth function, which is equivalent to ip; moreover, ip{x,-) is continuous and strictly increasing. 

(iii) A Musielak-Orlicz function ip is a growth function if and only if ip satisfies Definition 2.5(ii), and 
is of positive uniformly lower type and uniformly quasi-concave, namely, there exists a positive constant 
C such that for all x € R", t, s e [0, oo) and A G [0, 1], 

Xp{x, t) + {l- \)p{x, s) Cip{x, At + (1 - A)s). 

Lemma 2.7. Let p be a growth function. Then 

(i) ^„ p{x, dx = 1 for all f e i^K") \ {0}/ 

(ii) limfc_yoo ||/fc||Lv'(K") = i/ and only ifliuik^^ (p{x, \fk{x)\)dx = 0. 

Lemma 2.8. Let c be a positive constant. Then, there exists a positive constant C such that 

(i) the inequality Jjjj„ 'p{x, ■^A^)c?x ^ c for some A G (0, oo) implies that ||/||l»'(R'>) ^ CX\ 

(ii) the inequality ^ - p{Qj, y) ^ c for some A G (0,oo) implies that 

inf <{ aG (0,oo) : Jl'^f^J '^) «^ 1 [ < 



3 



where {tj}j is a sequence of positive numbers and {Qj}j a sequence of cubes. 

In what follows, Q{x,t) denotes the closed cube centered at x and of the sidelength t. Similarly, given 
Q = Q(x,t) and A G (0,oo), we write \Q for the X-dilated cube, which is the cube with the same 
center x and with sidelength Xt. Given a Lebesgue measurable set E and a weight uj G A]^(R.'^), let 
U!{E) := Jg u!{x) dx. For any w G A]^ (R"), i£,(R"), with p G (0, oo), denotes the set of all measurable 
functions f such that 

!1./!1l£(K") := I / \f{x)\M^)dx\ %oo. 



and L^(R") := L°°(R"). For a positive constant C, any locally integrable function / and x G R", the 
local Hardy- Littlewood maximal function M^~^ {f){^) is defined by 

Ml°^{f){x) := sup ^ / \fiy)\dy, 
o=)x. \o\<c \^\ JQ 



Q3x, IQKC 
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where the supremum is taken over ah cubes Q C M" such that Q 3 x and |(5| ^ C. If C = 1, we denote 
(/) simply by M'°-[f). 

Lemma 2.9. (i) Letp G [l,oo), ip e A^"*^ (K"), and Q he a unit cube, namely, 1{Q) = 1. Then there exist 
a (fi Cz Ap(R"), such that '^{■,t) = ip{-,t) on Q for all t G [0, oo), and a positive constant C, independent 
of Q, t and ip, such that Ap{(f) ^ CA^°'^ {p). 

(ii) Let (p S AJj°'^ (K") with q G [l,oo) and Q :~ Q{xq,1{Q)). Then there exists a positive constant C 
such that for all t e [0,oo), Lp{2Q,t) ^ Cip{Q,t) when 1{Q) < 1, and ip{Q{xa,l{Q) + l),t) ^ Cip{Q,t) 
when 1{Q) ^ 1. 

(iii) If p G (1, oo) and Lp G A^"*^ (K"), then there exists a positive constant C such that for all measurable 
functions f on M" and t € [0, oo), 

[M'°^f){x)Y^{x,t)dxi^C [ \f{x)\P^{x,t)dx. 

(iv) If ip ^ Ap(R") with p G [l,oo), then there exists a positive constant C such that for all cubes 
Qi, Q2 C M" with Qi C Q2 and t G [0, 00), 



f{Q2,t) 



IQ2 



1 p 



\Qi 



Proof. If ip is as in (1.1), then (i) is just [51, Lemma 1.1], (ii) and (iii) are just [58, Lemma 2.1 and 
Corollary 2.1] and (vi) is included, for example, in [18, 19,54]. Since ip satisfies the uniformly local weight 
condition on t, the proof of the desired conclusions of Lemma 2.9 is a slight modification of these classical 
results. We omit the details here. This finishes the proof of Lemma 2.9. □ 

Remark 2.10. Let C be a positive constant. Then (i) through (v) of Lemma 2.9 are also true, if 1{Q) = 1, 
1{Q) ^ 1, 1{Q) < 1, Q{xo, l{Q) + l) and AP°'' are respectively replaced by 1{Q) = C, 1{Q) ^ C, 1{Q) < C, 
Q{xo, 1{Q) + C) and M!?'^ (see [51, Remark 1.5] for the proofs). In this case, the constants, appearing 

in (i), (ii) and (iii) of Lemma 2.9, depend on C. 

For ^(R"), 23' (R") and L^(R"), we have the following conclusions. 

Lemma 2.11. Let (p e A|^'=(M"), q{ip) be as in (2.9) and p e {q{ip),oo]. 

(i) //i + i = l, then I3(R")CL[';(.^^^,_,/,,_,,(M"). 

(ii) j^j(R") C 23' (R") and the inclusion is continuous. 

(in) Let (I) e 23(R") and 0(x) dx = l. If q e {q{ip), 00), then for any f e L'^. i)(K"), f * <l)t ^ f in 
j^^(R") as t — > 0, here and in what follows, 4>t{x) '■— j^4'{j) for all x £ R" and t € (0, 00). 

We remark that (i) and (ii) of Lemma 2.11, and Lemma 2.11(iii) are, respectively, [58, Lemma 2.2 and 
Proposition 2.1]. 



3 Local Musielak-Orlicz Hardy spaces and their mciximal function charac- 
terizations 

In this section, we introduce the local Musielak-Orlicz Hardy space /itp.Ar(R") via the local grand 
maximal function and establish its local vertical and nontangential maximal function characterizations 
via a local Calderon reproducing formula and some useful estimates obtained by Rychkov [51]. We 
also introduce the atomic local Musielak-Orlicz Hardy space h'-f''^ and give some of their basic 
properties. 

First, we introduce some local maximal functions. For N G N and R G (0, 00), let 
2?JV,i?,(R") iV'e23(R") : supp (^) C i?(0, i?), sup sup |a"^(a:)| ^ 1 1 . 

I 2;6R" aeN", |a|^Af J 
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Definition 3.1. Let N gN and R € (0,00). For any / S 2?'(R"), the local nontangential grand maximal 
function GN,R{f) of / is defined by setting, for all x G K", 

^iv,i?.(/)(a;) :=sup{|V;t*/(z)| : \x - z\ < t < I, ^ e Vn, r(R'')} , (3.1) 

and the local vertical grand maximal function Gn.bH) f defined by setting, for all x € M" , 

Gn. BWix) := sup{|Vt * fix)\ : t S (0,1), V e I?jv.i?(M")} • (3.2) 

For the sake of eonvenience, when i? = 1, we denote Pjv. fl(K"), GN.nif) ^^'^ GN.nif) simply by 
po,(M"), Q%{f) &^<^Qn{.I), respectively; when R = 2^^(i"+"), we denote I?jv.fl(K"), GN,R{f) and GN^R{f) 
simply by I?jv(]R"), Gnif) and GN{f), respectively. For any N £N and x £ M", obviously, 

e^(/)(^) ^ eiv(/)(a;) ^ ^jv(/)(a;). 

For the local grand maximal function G%{f), we have the following Proposition 3.2, which is just [58, 
Proposition 2.2]. 

Proposition 3.2. Let N ^ 2. 

(i) Then there exists a positive con stant C such that for all f G L\^^ (M") n 2?'(R") and almost every 
X e R", 

\f{x)\^Gl{f){x)^M'°^{f){x). 

(ii) If LP A^°'=(K") with p e (1,00), then f e i^^. ^j(R") if and only if f e X>'(]R") and GnU) ^ 
L^f^ ^^{W); moreover, 

1I/!Il^(.^^,(R") - lie^^(/)liL^,._,,(R") 

wit/i the implicit positive constants independent of f. 

Now, we introduce the local Musielak-Orlicz Hardy space via the local grand maximal function as 
follows. 

Definition 3.3. Let lyj be a growth function as in Definition 2.5, m{(p) as in (2.10), and N^p m{(p) + 2. 
For each N G Z+ with N ^ N^, the local Musielak-Orlicz Hardy space /i^_jv(R") is defined by 

/i^,jv(K") {/ e 2?'(R") : ^jv(/) e L^{W")} . 

Moreover, let |1/|U^,„(R") := ||^jv(/)|1l^(R")- 

Obviously, for any integers Ni and N2 with Ni ^ N2 ^ N^, ^ (R") C h^^N2(^") C /iy,Ar,(R"), 
and the inclusions are continuous. 

Next, we introduce the weighted local atoms, via which, we introduce the atomic local Musielak-Orlicz 
Hardy space. 

Definition 3.4. (i) For each cube Q C R", denote by L^{Q), q G [l,oo], the set of all measurable 
functions f on R." supported in Q such that 



ll/lli^(Q) •= ' 



1 



|/(x)|V(^,i) dx 



1/9 



< 00, q E [1, 00), 



sup 

tG(0,oo) l'P(Q,t) 

ll/IU~(Q) < 00, q = oo. 



(ii) Let If he a growth function as in Definition 2.5 which satisfies the fact that Jg„ (p{x,t) dx < 00 for 
all t G [0,00). The space i^(R") for q G [l,oo] is defined as in (i) with Q replaced by R", here and in 
what follows, 



, i) := / (p{x, t) dx. 

JR" 

It is easy to see that both (L^(Q), || • ||l9(q)) and (i^(R"), || • ||l9(R")) are Banach spaces. 
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Definition 3.5. Let ip he a. growth function as in Definition 2.5, q{(p) and m{ip) respectively as in (2.9) 
and (2.10). A triplet (ip, q, s) is called admissible if g e (^((p), oo], s € N and s ^ m{tp). A measurable 
function a on M" is called a (ip, q, s)-atom if there exists a cube Q C M" such that 

(i) supp (a) C Q; 

(ii) M\lI{q) < IIxqIIZ^(k-); 

(iii) /,j„ a{x)x°' dx = for all a e N" with \a\ ^ s, when 1{Q) < 1. 
Moreover, a function a on M" is called a ((/3, q)- single- atom with q € (g((p),oo], if 

ll«ilLj,(K") =^ ||XR"IIZ'i(R")- 

Remark 3.6. Let q E {q{(p), oo]. It is easy to see that a finite linear combination of (95, g)-single-atoms 
is still a multiple of a (iy9, (j')-single-atom. 

Definition 3.7. Let iy9 be a growth function as in Definition 2.5 and {(p, q, s) admissible. The atomic local 
Musielak-Orlicz Hardy space, h'^''''''{M."), is defined to be the set of all / G I?'(M") satisfying the fact that 
/ = J2iLo ill I>'(R"), where {hi\°^i is a sequence of multiples of {(p, q, s)-atoms with supp (&i) C Qi 
and 60 is a multiple of some (ip, (7)-single-atom, and 

00 

+'^(i^"'II^o||l^(R")) < oo- 

1=1 

Moreover, letting 

A,({6.}.,.) := inf I A e (0, 00) : £ ^ f Q., ^MlfM.) + ^ (m", Mfm) 



1=1 



the quasi-norm of / G ft-^''''*(R") is defined by 

11/11,,^, :== inf {Aq ({6J,gN)} , 
where the infimum is taken over all the decompositions of / as above. 

Next, we introduce some local vertical, tangential and nontangential maximal functions, and establish 
the characterizations of the local Musielak-Orlicz Hardy space /iy_Ar(R") in terms of these local maximal 



Tpo e V{W) with / ^0(2;) dx ^ 0. (3.3) 



functions. 

Definition 3.8. Let 



For j e N, A, B e [0,c») and y € M", let ruj^A.Biy) ■= (1 + 2^ |y|)'^2^lyl . The local vertical maximal 
function 4'oif) '^^ f associated with ipo is defined by setting, for all x G M", 

^o+(/)(.t) :=sup|(^o),*/(a:)|, (3.4) 

the local tangential Peetre-type maximal function "00*^ / associated with -00 is defined by setting, 

for aU X e M", 

jeN.yeR" mj.A.Byy) 

and the local nontangential maximal function ("00) v(/) of / associated with -00 is defined by setting, for 
all X e M", 

(0o);(/)(x) := sup |(V^o)t*/(y)|, (3.6) 

\x-y\<t<l 

here and in what follows, for aU x G M", (-00)^(2;) := 2^"0o(2-'a;) for all j G N and (0o)i(2;) := prV'o(f ) 
for aU t e (0, 00). 
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Obviously, for any x G M", wc have 

Vo+(/)(x) ^ (^o);(/)(x) <Ca.b(/)(2;)- 

We remark that the local tangential Peetre-type maximal function '(/'o*a introduced by Rychkov 

[51]. 

In order to establish the local vertical and the local nontangential maximal function characterizations 
of ft,i^^Ar(M"), we first establish some relations in the norm of L'''(R") of the local maximal functions 
'0o*^._b(/), i^oif) and GN,R{f)- We begin with some technical lemmas and the following Lemma 3.9 is 
just [51, Theorem 1.6]. 

Lemma 3.9. Let ipQ be as in (3.3) and tp{x) := ipoi^) ~ 57r'/'o(f ) for all x G M". Then for any given 
integer L € N, there exist rjo, r/ G I'(R") such that L,^ ^ L and for all f G 2?'(R"), 

oo 

/ = '?0 * ^0 * / + X! ''i *^3* f 
i=i 

in X>'(R"). 

Remark 3.10. Let V'Oi V'l % and r/ be as in Lemma 3.9. From the proof of [51, Theorem 1.6], it is easy 
to deduce that for any j G N and / G 2?'(R"), 

OO 

/ = {m)] * (V'o)j * / + X] ^k*ipk* f 

in 2?'(R") (see also [51, (2.11)]). We omit the details. 

For / G iJoc (I*"): B G [0, oo) and x G M", let 



Ksfix) 



\f{y)\2-^\'^-y\dy, 



(3.7) 



here and in what follows, L\^^ (R") denotes the set of all locally integrable functions on R". 

Lemma 3.11. Let p G (l,oo), q G (l,oo], and if> G Ap°'^(R"). Then there exists a positive constant C 
such that for all sequences {f-'}j of measurable functions and all t G (0, oo), 



here and in what follows, 



{M'-(/^)} 



c 



if'}., 



|{/'bllL-^,^(i,) 



1/9 



El/' I' 



(3.8) 



Also, there exist positive constants C and Bq Bo{ip,n) such that for all B ^ Bq/p, 



{KBif)}. 



^ C 



if'}. 



(3.9) 



Lemma 3.11 is just [51, Lemma2.11]. Moreover, from the proof of [51, Lemma2.11], it is easy to deduce 
lat (3.8) also holds fo 
in (3.8) depends on C. 



that (3.8) also holds for M~"^ with any given positive constant C. In this case, the positive constant C 
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Lemma 3.12. Let tpo be as in (3.3) and r e (0,cxj). Then there exists a positive constant Aq, depending 
only on the support ofipo, such that for any A G (maxjAo, oo) and B S [0, oo), there exists a positive 
constant C , depending only on n, r, ■00, A and B, satisfying the fact that for all f G 2?'(R"), x G R" and 

jeN, 

oo 

[i^o)iA.B{m^)Y ^ c5]2(^-'^-)(^-") {M'°m{i^o)k*fnix)+KBrmo)k*fn{x)} , 
k=j 



where, for all x G 



li^o)] * fix-y)\ 

].A.B\J )\-^) ■— °LtjJ . 



A. B{f){x) := sup 



Lemma 3.12 is just [64, Lemma 3.11]. 

Theorem 3.13. Let tp be a growth function as in Definition 2.5, R G (0, oo), ipQ, q{f) and i(ip) be 
respectively as in (3.3), (2.9) and (2.3), and tpgif), iPq*a _b(/)j '"^^ QN,R{f) be respectively as in (3.4), 
(3.5) and (3.1). Let Ai max{Ao, nq{ip) / i((p)} , Bi := Bo/i^ip) and integer Nq :~ [2^iJ + 1, where Aq 
and Bq are respectively as in Lemmas 3.3 and 3.2. Then for any A G (^i, oo), B G (i?i, oo) and integer 
N ^ A^O; there exists a positive constant C , depending only on A, B, N, R, ipQ, if and n, such that for 
all f G X>'(R"), 



|ko7A.B(/)|L.(«„)^C^|ko+(/)|L.(K„) (3.10) 

and 



Gn.bW ,,(„„^<C7||0+(/)||^,(^„^. (3.11) 

Proof Let / G X>'(]R"). First, we prove (3.10). Let A G (Ai,oo) and B G (Bi,oo). By Ai = 
max{Ao, nq{ip)/i{Lp)} and Bi = Bo/i{ip), we know that there exists ro G (0, ^|^) such that A > ^ 
and i?ro > where Aq and Bq are respectively as in Lemmas 3.3 and 3.11. Thus, by Lemma 3.12, 
for all X G M", we know that 

oo 

[(V'o)*,a,b(/)(^)]'''' <E2^'"'^^^"""^ {^^'°' (K'/^o)^ * fn {x)+KBro (l(V'o)fc * fn {x)} . (3.12) 

Let ip^if) and ^'0*^4 b(/) be respectively as in (3.4) and (3.5). We notice that for any x G K" and k G N, 
\{''Po)k * f{x)\ ^ '0d'(/)(2^)j which, together with (3.12), implies that for all x G M", 

< {[i4if)V")i^) + KBromiDV") (3.13) 
From (3.13) and Lemma 2.6(i), we deduce that 

'p{x,ro:A,Bif)i^)) ^ ^ {^^'" mifw°)i^)V^^°) dx 

" ^(x,{KBr,{[i^tif)r){^)Y'''') dx 

= :Ii+l2. (3.14) 

Now, we estimate Ii. By ro < we see that there exist q G (g(iy9),oo) and po G {Q,i{ip)) such that 
rog < poj G ^q'^ (R") and p is of uniformly lower type pq. For any a G (0, 00) and g G L\^^ (R"), let 
9 = 9X{xm^: \g(x)\iia} + 5X{a:eR": \g(x)\>a} 9i + 92- It is easy to sec that 

{a; G R" : M'°'= {g){x) > 2a} C {x G R" : Af'°'^ {g2){x) > a}. 
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which, together with Lemma 2.9(iii), imphes that for all t £ {0,oo), 



(p{x,t)dx ^ / (p{x,t)dx 

{sSR": M^"" {g){x)>2a} J{a:GR": AP"" {g2)ix)>a} 



1 



L [M'°=(52)(x)]V(a;,i)dx 
\g2{x)\''(p{x,t) dx 

\g{x)\'^ip{x,t)dx. (3.15) 



{xm^: \a{x}\>a} 



Thus, for any a £ (0, oo), from (3.15), we infer that 

(p{x, t) dx 



/ , [i.nf){x)PM-,t)dx 



< 



(W^) + ^/l -o..--V,.(,,,(.)d., (3.16) 



here and in what follows. 

By Lemma 2.6(ii), we know that Lp{x,t) ~ £(££l fQj. 2; g M" and f G (0,oo). From this, (3.16) 
and the uniformly lower type pa property of (y9, r^q < po and Fubini's theorem, it follows that 

- / Lp{x,t)dxdt 
W{xeR": [Mi°-([v.+ (/)]'-o)]i/'-o>t} 



< 



1 



t J{xGR": V.o+(/)>^} 



(p{x, t) dx dt 

1 



< 



+rno+i ; rogs'^"'? ^ / (p{x,s)dxdsdt 

1 

^{x,4^+if)ix)) dx+ r roqs^"'^-^ f f ^^^^dtdxds 

Jo J{xm": ■4>Uf)(x)>s} Jo t 

ip{x,ip+if)ix)) dx. (3.17) 

Now, we estimate I2. For any a e (0, 00) and g G Lj^^ (R"), fet gi and 32 be as above. For H e [-y-, 00), 
let /g„ 2~^l^~''l c??/ c/f . It is easy to see that for all x G M", KH[gi){x) ^ Ci^a, which implies that 

{x G K" : XH(.g)(x) > (CH + l)a} C {x G M" : KH{g2){x) > a} , 

where Kh is as in (3.7). Thus, by Lemma 3.11, we know that for all t G (0, 00), 

(p{x, t) ^ ip{x, t) dx 

{a;GR": KHg{x)>{cH + l)a} J{a;eM": KHg2{x)>a} 
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\g{x)\'^ip{x, t) dx. 

{2-eK": \g{x)\>a} 



^ al 

Similar to (3.16), from the above estimate, Br^ > Bq/q and Lemma 3.2, we deduce that 

<y9(x, t) dx 

{xGR": [/fB.o([.Ao'"(/)]'-o)(:r)]i/.-o>a} 

^ %UfU + 1)17.0 ) + ^/ „ rogs-- d.. 

By this, similar to the estimate of Ii, we know that 

l2< j^j{x,^P+{f){x)) dx. (3.18) 
Thus, from (3.14), (3.17) and (3.18), we infer that 

f{x,ip*Q*A^B{f){x)) dx< ip{x,-ip^{f){x)) dx. 
Replacing / by //A with As (0,oo) in the above inequality, and noticing that 

V'o.\i3(//A) = CA.B(/)/A 

and ■ip^{f/X) ~ ?Afj"(/)/A, we see that 

^ / _ fSAjfM.) < / , L *mfl) (3,19) 



which, together with the arbitrariness of A S (0, oo), implies (3.10). 

Now, we prove (3.11). Similar to the proof of [64, pp. 20-22], by Lemma 3.9, for all x G M", we have 
GN,R{f){x) < '0o,*yi,B(/)(^)j which, together with (3.19), implies that for any A G (0,oo), 



From this, we deduce that (3.11) holds, which completes the proof of Theorem 3.13. □ 

As a corollary of Theorem 3.1, we immediately obtain that the local vertical and the local nontangential 
maximal function characterizations of /i(^.Ar(M") with N ^ N^p as follows. Here and in what follows. 



Nip := max 



{Np,No], (3.20) 



where and A^o ^ir^ respectively as in Definition 3.3 and Theorem 3.13. 

Theorem 3.14. Let ip be a growth function as in Definition 2.5, ipo o-nd he respectively as in (3.3) 
and (3.20). Then for any integer N ^ N^p, the following are equivalent: 

(i) /e /i^,jv(K"); 

(ii) / e I?'(R") and iP+{f) e L'^(M"); 

(iii) / e 2?'(R") and (jAo)*v(/) e L^{R^y, 

(iv) / G 2?'(R") and QN^f) e L'^{W)- 

(v) / € 2?'(R") and g%{f) g LV{W)- 

(vi) / e I?'(R") and g%{f) e LV{W). 
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Moreover, for all f G /iy,jv(K"), 

ii/iiv,«(R") - I|V'([(/)|L^(R.) ii(V'o);(/)iIl,=(k-) 



L'P(R") 

where the implicit constants are independent of f . 



Proof. Replacing [64, Theorem 3.12] by Theorem 3.13 and repeating the proof of [64, Theorem 3.14], we 
conckide the proof of Theorem 3.14. □ 

Remark 3.15. We point out that when (p is as in (1.1), Theorems 3.13 and 3.14 are respectively Theorems 
3.12 and 3.14 in [64]. 

As a corollary of Theorems 3.13 and 3.14, we have the following local tangential maximal function 
characterization of /i;^.Ar(R"). We omit the details. 

Corollary 3.16. Let Lp be a growth function as in Definition 2.5, ipo o,nd N^p as in (3.3) and (3.20), and 
A and B as in Theorem 3.13. Then for integer N ^ N^, f € H^^nO^") if and only if f € I?'(R") and 
%:A,B{f) ^ L'^i^''); rnoreover, 

Now, we give some basic properties concerning /i(p^jv(lR") and h'^'''''^{W^). 

Proposition 3.17. Let ip be a growth function as in Definition 2.5 and N^p as in (3.20). // integer 
N ^ Nip, then the inclusion /iip,Ar(K") ^ X''(M") is continuous. 

Proposition 3.18. Let if be a growth function as in Definition 2.5 and as in (3.20). // integer 
N ^ Nip, then the space ft,i^^Ar(R") is complete. 

The proofs of Propositions 3.17 and 3.18 are similar to those of [35, Propositions 5.1 and 5.2], respec- 
tively. We omit the details. 

Theorem 3.19. Let N^ be as in (3.20). If{ip, q, s) is admissible and integer N ^ Np, then /i'^'«'^(R") C 
^¥'.7V^,(R") C /iip.Ar(]R") and, moreover, there exists a positive constantC such that for all f G ft,*^' '*(K"), 

ll/llft^,,N(K") =^ II /II ^ C'||/|U.'^'.9.=(R")- 

To prove Theorem 3.19, we need the following lemma. 

Lemma 3.20. Let {lp, q, s) be an admissible triplet and N G Z+ with N ^ s. Then there exists a positive 
constant C such that for any multiple of {Lp, q, s)-atom or {Lp, q)- single- atom f , 

^{x,g%{f){x)) dx«;c^(g,i|/i|i,(Q)), (3.21) 

where supp (/) C Q and, when f is a multiple of some {Lp, q)-single-atom, Q R". 

Proof. The proof of the case 5 = oo is easy and we omit the details. We just consider the case that 
q£ {q{p),oo). Let / be a multiple of some ((/3, g)-single-atom and / 7^ 0. Then we know that (y9(R", i) < 00 
for all t G (0,00). From the uniformly upper type 1 property of ip, Holder's inequality, Lemma 2.9(iii), 
together with the fact that g%{f) < M^"" (/) and Definition 3.3(h), we deduce that 



v{x,g%{f){x)) dx 
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< 



^(MMI/IU,(R„)) 
^(kMI/IIlj(r"))- 



(9-l)/9 



1/9 



(3.22) 



Thus, (3.21) holds in this case. 

Now, let / be a multiple of some {ip, q, s)-atom with / 7^ 0, and supp (/) C Q := Q{xo,ro). We 
consider the following two cases for Q. 

Case 1) IQI < 1. In this case, letting Q 2y/riQ, then we know that 



^{x,g%{f){x)) dx^ J^ip{x,g%{f){x)) dx+ 1^ 

For Ii, similar to (3.22), we see that 

Ii<^(0,ll/llL',(g)), 



I1+I2 



(3.23) 



(3.24) 



which is desired. 

To estimate I2, we claim that for all x G Q^, 



IQI^ 



(3.25) 



Indeed, for any -0 € I?^(M") and t € (0, 1), let P be the Taylor expansion of ip about (a; — xo)/t with 
degree s. By Taylor's remainder theorem, for any y g M", we know that 



x-y 



P 



x~y 



< 



E 

a| = s + l 



(9"V^) 



e{x ~ y) + [1 ^ e){x ~ xo) 



t 



s+l 



where 9 e (0,1). From t G (0,1) and x e , we deduce that supp (/ * Vt) C B{xQ,2^/n) and that 



f * iptXx) 7^ implies that t > 



Thus, by these observations, Definition 3.5(iii), (2.7), Holder's 



inequality and Definition 3.4(i), we see that 



1/ * Mx)\ 



fiy) 



x-y 



- P 



x-y 



dy 



XB{xo.2^)ix) 



< 



|^_3;o|-(^+«+i) / \f{y)\\xo-y\^+Uy\xB^.o.2V^i^) 



< 



< 





( 










X |a; — xo 






+1 


\x - xo " 


+n- 



\fiy)\M^,X)dy 



1/9 



My A)] 



-1/(9-1) 



dy 



(9-l)/9 



;7+rll./llLj(Q)XB(xo,2V^)(a;): 



where A £ (0,cxj), which, together with the arbitrariness oi ip G 2?^(M"), implies (3.25). Thus, the claim 
holds. 

Let Qk ■■= 2'=v^Q for all k e Z+, and ko £ Z+ satisfy 2''°r ^ 4 < 2''«+V. By s = L"[f(fy - 1]J> we 
know that there exist qo € (g((/5),oo) and po € (6,1(99)) such that ip is of uniformly lower type po and 
Po(s + n + 1) > nqo. From Lemma 2.9(i) and Remark 2.10, it follows that there exists a ^ £ Aqg{S.'^) 
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such that (p{-,t) = (p{-,t) on Q{xo,8y/n) for all t e [0,oo). By this, (3.25), the uniformly lower type po 
property of tp and Lemma 2.9(ii), we know that 

i2^/ v{x,g%{f){x)) dx 

J i/nr^ I a; — a:o I <2\/n 

<E/ ^(.,2-^(^+"+i)||/|U,(Q))dx 
j^—i J Qk+i\Qk 

<E2-'=(^++"+i)^«^(Qfe+i,||/Lj(Q) 
fc=i 

< E 2-^[(^+"+i)^'°-"^°V (q, II/1Ilj(q)) < (q, II/IIlj.(q) 

fc=l 

which, together with (3.24) and (3.23), implies (3.21) in Case 1). 

Case 2) \Q\ ^ 1. In this case, let Q* := Q{xQ,r + 2). Thus, from supp (fJ5^(/)) C Q* , the uniformly 
upper type 1 property of Lp, Holder's inequality. Proposition 3.2(ii) and Lemma 2.9(ii), we deduce that 

^{x,g%{f){x)) dx 

p{x,g%{f){x)) dx^ j (i + |M/ML(x-,||/L,(Q)) 



^ V (qMI/IIlj(q)) + ,|.,|\ I / ie^(/)(^)IV (x, II/IIlj(q)) 

\\J ili/^(Q) L'^Q* 

X ['y' {Q\ WIWlkq))]^' ^''^ <'p(Q*, II/IIlJ(q)) < (O, II/IIl?,(Q)) 



1/9 



which proves (3.21) in Case 2) and hence completes the proof of Lemma 3.20. □ 

Now, we show Theorem 3.19 by using Lemma 3.20. 
Proof of Theorem 3.19. Obviously, by Definition 3.3, we only need to prove that 

/i'^'9'^(M") C K,N^{«') 

and, for all / e /i'^- -(R"), |1/|U^^,„^(r„) < ||/|U.,„.(r„). Indeed, for any / e /i^^«-^(R"), / = YZo h 
in 2?'(R"), where /o is a multiple of some ((p, (7)-single-atom and for any i G Z+, fi is a multiple of 
some ((/?, g, s)-atom supported in the cube Qi. It is easy to see that (/) ^ Yl^o Gn (/«)• Fi'om this. 
Lemma 2.1(i) and Lemma 3.20, we deduce that 



'MU:mo)J^irH^''A,(m-o)J^'' 

which, together with Theorem 3.14, implies that „ (R") ^ |j/|j/j¥',g,s(-Rn). This finishes the proof of 

Theorem 3.19. □ 
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4 Calderon-Zygmund decompositions 



In this section, we reeall some subtle estimates for the Calderon-Zygmund decomposition associated 
with local grand maximal functions from [58]. Notice that the construction of the Calderon-Zygmund 
decomposition in [58] is similar to those in [8,10,54]. 

Let ip he a. growth function as in Definition 2.5 and q{Lp) as in (2.9). Let integer N ^ 2, GnU) and 
g%{f) be as in (3.2). 

Throughout this section, let / G 2?'(M") satisfy the fact that for all A S (0, oo) and t E [0, oo), 

(p{x, t) dx < oo. 

'{xGR": GN{f)(x)>\} 

For a given A > inf^gR^ GN{f)ix), set 

OA:={.TeM": gN{f){x)>\}. (4.1) 

It is obvious that fix is a proper open subset of M". By the Whitney decomposition of fix given in [58] 
(see also [8,10,54]), we have closed cubes {Qi}i such that 



nx = \JQ^, 



(4.2) 



their interiors are away from il^ and dia.m{Qi) ^ 2^(^+"Mist (Qi, £7^) ^ Adiam{Qi). In what follows, 
fix a := 1 + 2~(i^+"' and denote aQi by Q* for all i. Then we have Qi C Q*. Moveover, ilx = ^iQ*, 
and {Q*}i have the bounded interior property, namely, every point in fl\ is contained in at most a fixed 
number of {Qi}i- 

Now, we take a function ^ € X'(R") such that ^ ^ ^ 1, supp^ C aQ{0, 1) and ^ ee 1 on Q{0, 1). For 
X € M", set ^i{x) :— S,{{x — Xi)/li), here and in what follows, Xi is the center of the cube Qi and U its 
sidelength. Obviously, by the constructions of {Qi}i and {£,i}i, for any x G K", we have 1 ^ J2i 6(2;) ^ L, 
where L is a fixed positive integer independent of x. Let 







(4.3) 



Then {Q}i forms a smooth partition of unity for fJ^ subordinate to the locally finite cover {Q*}i of fix, 
namely, xn^ = 12i d ^i^^ each Q e I?(R") supported in Q*. 

Let s G Z+ be some fixed integer and 7's(M") denote the linear space of polynomials in n variables of 
degrees no more than s. For each i G Z+ and P G ^'^(R"), set 



IPII 



Ci(y) dy 



1/2 



|P(a.)|20(:^)rf2: 



(4.4) 



Then it is easy to know that {Vs{R"), \\ ■ is a finite dimensional Hilbert space. Let / G 2?'(R"). Since 
/ induces a linear functional on 7^s(R") via P M- [J^„ (i(y) dy]^^ {f, PCi), by the Riesz representation 
theorem, there exists a unique polynomial 

P, e VsiW) (4.5) 

for each i such that for all P G 7^,5(11^"), (/, PCi) = {Pi^ Pd)- For each i, define the distribution 



bi ■■= if - Pi)Ci when U G (0, 1), and 6^ := fd when G [1, 00). 



(4.6) 
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We show that for suitable choices of s and N, the series J2i converges in I?'(R") and, in this case, we 
let g f ~ J2i ill We point out that the representation 

/ = ff + E^- (4.7) 

i 

where g and bi are as above, is called a C alder dn-Zygmund decomposition of / of degree s and height A 
associated with QnH)- 

The remainder of this section consists of a series of lemmas. Lemma 4.1 gives a property of the smooth 
partition of unity {Ci}i, Lemmas 4.2 through 4.5 are devoted to some estimates for the bad parts 
and Lemmas 4.6 and 4.7 give some controls over the good part g. Finally, Corollary 4.8 shows that the 
density of ^^^(K") H 7v(R") in ^i^, Ar(R"), where q € (qi^fi), oo). The following Lemmas 4.1 through 
4.3 are respectively Lemmas 4.2 through 4.5 in [58]. 

Lemma 4.1. There exists a positive constant Ci such that for all f G 2?'(M"), A > inf^jgan QN{f){x) 
and k e (0,1), supygR„ |P,(y)C,(y)| CiA. 

Lemma 4.2. There exists a positive constant C2 such that for all i G Z+ and x Cz Q* , 

g%{b,){x) < C2gN{f){x). (4.8) 

Lemma 4.3. Assume that integers s and N satisfy ^ s < N and N ^ 2. Then there exist positive 
constants C, C3 and C4 such that for all i G Z+ and x G (Q.*)^, 

where xi is the center of the cube Qi. Moreover, if x G {Q*i)^ and U G [6*4,00), then Q'^(bi){x) = 0. 

Lemma 4.4. Let ip be a growth function as in Definition 2.5 andm((p) as in (2.10). If integers s ^ rn{ip), 
N > s and N ^ N^p, where is as in (3.20), then there exists a positive constant C5 such that for all 
f G /i^,Ar(M"), A > inf.eKn QN{f){x) and i G 1+, 



ip{x,g%ib,)ix)) dx^Cs ip{x,gN{f){x)) dx. (4.10) 

Jq: 

Moreover, the series '^^bi converges in /i^_Ar(R") and 

V (yx,g% (^E^') (■^)) ^(^'^^(^)(^)) '^^^ (4.11) 

Proof. By Lemmas 4.2 and 4.3 and the uniformly upper type 1 property of Lp, we know that 

ip{x,g%{bi){x)) dx< j ip{x,gN{f)ix)) dx+ [ <f{x,g%{h){x)) dx, (4.12) 

JQI J{2C3Q°)\Qt 

where := Q{xi, 1). Notice that s ^ ln{q{(p)/i{ip) — 1)J implies {s + n + l)i{'fi) > nq{ip). Thus, we 
take qo G {q{ip), oo) and pa G (0, i{ip)) such that (p is of uniformly lower type po, {s + n + l)pQ > nqo and 
if G A|j°'^ (M"). From Lemma 2.9(i), it follows that there exists a G Ag^ (R") such that (p{-, t) — (p{-,t) on 
26*3(5° and Aqg{ip) < A|j°'^ {(fi). Using Lemma 4.3, the uniformly lower po property of (p, Lemma 2.9(iv) 
and the fact that gN^f) > A for all cc G Q*, we see that 



/ tpl^x,g%{bi){x)) dx 

J(2C3q'1)\q: 

ko „ f / X \ 
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fe=i fc=i 



< 



ipix,X)dx< if{x,gN{f){x))dx, (4.13) 
Q'i •'Qt 



where ko S Z+ satisfies 2''«-2 ^ (73 < 2'=o-i. From (4.12) and (4.13), we deduce (4.10). Then, by (4.10), 
we know that 

V/ ^{x,g%{b,){x)) dx<y2 [ ^{x,gN{f){x)) dx< [ ^ix,gN{f){x)) dx. 

Combining tire above inequality with the completeness of /iip.jv(R"), we conclude that X^i^i converges 
in jv(K")- So by Proposition 3.17, the scries hi converges in I?'(M") and hence 



Q%[yM\{x)^ygl{h){x) 



for all X € M", which gives (4.11) and hence completes the proof of Lemma 4.4. □ 

The following Lemmas 4.5 and 4.6 are respectively [58, Lemmas 4.7 and 4.8]. 

Lemma 4.5. Let q G {q{(p), 00). If f G i^j-. -(^-((M"), then the series J^i^i converges in L^^, i)(R") md 
there exists a positive constant Cq, independent of f , such that 



^ ^6||/||l^(.^,,(R")- 



Lemma 4.6. Let integers s and N satisfy ^ s < N and N ^ 2, f G 2?'(M") and X > inixeR^ gN{f){x). 
IfJ^i^i converges in 2?'(M"), then there exists a positive constant C7, independent of f and X, such that 
for all a; e K", 

in+s+l 

where Xi is the center of Qi and C3 as in Lemma 4-3. 

Lemma 4.7. Let ip be a growth function as in Definition 2.5, q{(p) and i{ip) respectively as in (2.9) and 
(2.3), q e {q{ip), 00) and Pa € {Q,i{ip)). 

(i) // integers s and N satisfy N > s^ ln{q{ip)/pa - 1)J and f e /i^^Ar(R"), then g%{g) € ^^(IR") 
and there exists a positive constant Cg, independent of f and X, such that 

I [a^(ff)(x)]V(a;,l)dxs;C8A'?max{l/A,l/Af''} / v{x,gN{f){x)) dx. (4.14) 
7ri Jri 

(ii) If f & i^j. -|^-|(M"), then g G j^j(R") and there exists a positive constant Cg, independent of f 
and X, such that \\g\\L°^^ ^ ^9-^- 

The proof of Lemma 4.7 is similar to those of [35, Lemma 5.3] and [64, Lemma 4.7]. We omit the 
details. Moreover, from Lemma 4.7, we deduce the following corollary, whose proof is similar to that 
of [35, Proposition 5.3]. We omit the details. 

Corollary 4.8. Let ip be a growth function as in Definition 2.5, q{f) as in (2.9), q € {q{ip), 00) and 
integer N ^ N^, where is as in (3.20). Then ft.^,Ar(IR") n L^^. ^^{M.'') is dense in ft,^,Ar(M"). 
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5 Weighted atomic characterizations of /i^ Ar(M") 

In this section, we establish the equivalence between /i^_Ar(R") and h'^''^'^{M.^) by using the Calderon- 
Zygmund decomposition associated with the local grand maximal function stated in Section 4. 

Let iphe a. growth fimction, q{(p), i{(p) and N^p respectively as in (2.9), (2.3) and (3.20), integer N ^ N^p 
and sq := \ n[q{Lp) /i{ip) — 1]J . Throughout this section, let f € ft,^ 7v(]R"). We take fcg e Z such that 

2''°-^ < mi gNif)ix) ^ 2^" 

when inf^^gRn ^Ar(/)(a;) > and, when vnixi^M."- QN{f){x) = 0, let :— — oo. Throughout the whole 
section, we always assume that k ^ kQ. For each integer k ^ kg, consider the Calderon-Zygmund 
decomposition of / of degree s and height A = 2*^ associated with Gwif)- Namely, for any k ^ fco; by 
taking A 2*^ in (4.1), we now write the Calderon-Zygmund decomposition in (4.7) by 

/ = / + E^'' (5.1) 

i 

where and in the remainder of this section, we write {Qi}i in (4.2), {Q}i in (4.3), {Pi}i in (4.5) and {bi}i 
in (4.6), respectively, as {Qi}i, {Pt}i ^^^^ {bf}i. Now, the center and the sidelength of are 

respectively denoted by x'^ and l^. Recall that for all i and k, 

E = Xn,, , supp (6f ) c supp (Cf ) C , (5.2) 

i 

{Qi*}i has the bounded interior property and, for all P G 7^s(IR"), 

{f,PCh^{Pt,PCh- (5.3) 

Recall that a := 1 + 2-("+") and aQf . 

For each integer k ^ ko and i, j e Z+, let P^'^^^ be the orthogonal projection of (/ — P^^^)Ci on 
7's(IR") with respect to the norm 



l^ll^= 



namely, -Pf^^ is the unique polynomial of 7's(]]i") such that for any P G 7's(]R"), 

((/-^'+')Cf,PCr')- / /^^f (x)P(x)CfMx)dx. (5.4) 
In what follows, let {i e Z+ : |Qf | ^ 1/(24^)}, := {i e Z+ : \Ql\ < l/{2'^n)}, 

and := {i e Z+ : |Qf | < 1}. 
Observe that 

Pt+^ ^Oii and only if Qf n Qf +'^* ^ 0. (5.5) 

Indeed, this follows directly from the definition of P^^j^ ■ The following Lemmas 5.1 through 5.3 are 
just [58, Lemmas 5.1 through 5.3]. 

Lemma 5.1. Let il2fc be as in (4.1) with A = 2'', Q^* and l^ as above. 

(i) IfQf n gf +^^* ^ 0, then l)+^ =^ 2^771/^ and Qf+^'* C 26j2Qf* c n^,.. 

ill) There exists a positive integer L such that for each i G 2+ , the cardinality of 

[j e Z+ : Qf n Qf +^'* ^ 0} 

zs bounded by L. 
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Lemma 5.2. There exists a positive constant C , independent of f , such that for all i, j e Z-|- and integer 
ko with 1'^+^ e (0, 1), 

sup \P!:+Hy)C^+\y)\ ^ C2'^+\ (5.6) 



Lemma 5.3. For any k E Z with k ^ fcg, 



E 



where the series converges both in V{W) and pointwise. 

Lemma 5.4. Let f e h^^pf{M."), kg = — oo and ilk := {x G R" : QN{f){x) > 2'^}. Then there exists a 
positive constant C such that for all A > inf^^gRn GN{f){x), 

A:— — oo ^ ^ ^ 

The proof of Lemma 5.4 is similar to that of [35, Lemma 5.4]. We omit the details. 

Lemma 5.5. Let ip be a growth function as in Definition 2.5, q{(p) and respectively as in (2.9) and 
(3.20), integers N and s satisfy N ^ s ^ N^p, and q € {q{ip),oo). Then 



/lv,Ar(K")ni«(. -^)(R") C /l'^'°°'"(R") 



and the inclusion is continuous. 



Proof. Let / e (^^(. i)(^") ^ n{W^)). Wc first consider the case that fco = — oo. As above, for each 
k £ 'Z, f has a Calderon-Zygmund decomposition of degree s and height X = 2'^ associated with GN{f) 
as in (5.1), namely, f ^ g^ + • Corollary 4.8 and Proposition 3.2, we have that g^ ^ f vn both 
/i^_7v(R") and I?'(R") as fc — !• oo. By Lemma 4.7(i), Hg'^IlL'^ ij(R") — as fc — >■ — oo and, furthermore, 
by Lemma 2.11(ii), g'' ^ in I?'(M") as fc -> -oo. Therefore, 

OO 

/= E {a'^-'-g') (5.7) 

k—~oo 

in V{W^). Moreover, since supp(^j6f) C fiat and ^p{^2''A) as fc — oo, then g'' ^ f almost 
everywhere as fc — >■ oo. Thus, (5.7) also holds almost everywhere. Similar to [64, (5.10)], from Lemma 
5.3 and (5.2) with $72*=+! <^ ^2*=; '^s deduce that 



^ - ff' = E - E ^f'cf + E p"y^^" E (5-8) 



where all the series converge in both 2?'(M") and almost everywhere. Furthermore, by the definitions of 
h) and 6*^' 



6^ and b^^^ as in (4.6), we know that when l\ e (0, 1) 



and, when l^ £ [l,oo). 
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From Proposition 3.2(i), we infer that for almost every x e ^^2*=+!' 1/(^)1 ^ GNif){x) ^ 2'''+^, which, 
together with Lemmas 4.1 and 5.1(ii), (5.5), Lemma 5.2, (5.9) and (5.10), implies that there exists a 
positive constant Cio such that for all i G Z+, 

I1/^'||l^^(K") <C'io2^ (5.11) 

Now, we show that for each i and fc, h'j^ is a muhiple of some {(p, oo, s)-atom by considering the following 
two cases for i. 

Case 1) i € E'[. In this case, by the fact that < 1 for j e F^^^ , we see that Q^^^^* C 

0(x*^,a(/f + 2)) for j satisfying Qj^'* n Qf +^^* 7^ 0. Let 7 := 1 + 2-12-"^ r^j^^g^ ^Yicti I'y ^ 2/(7 - 1), 
if letting Q'l := g(a;^,a(/f + 2)), then, supp(/if) C Q^^ C 7QJ-* C 1^2.^ When < 2/(7 - 1), if letting 
:= 2^nQ^*, then from Lemma 5.1(i), we deduce that supp {h'^) C C rt2k- By this and (5.11), we 
conclude that h'^ is a multiple of {(p, 00, s)-atom. Moreover, from the definition of , Lemma 2.9(ii) 
and Remark 2.10 with C 2/(7 — 1), we deduce that there exists a positive constant Cn such that for 
all t e [0,00), 

^{Qlt)^C,MQ'l*,t). (5.12) 

Case 2) i G E^. In this case, if j <E then < /^+V(2'^"-)- By Lemma 5.1(i), we know that 

Of* n gf +^'* = for j e From this, (5.2) and (5.8), we infer that 

= {f-pt)c^- E {{f-p'^')c^^'ct-p!:V('^'}- (5-13) 



Let 2"nQ^* . Then supp(/i*^) C Qf. Moveover, satisfies the desired moment conditions, which 



are deduced from the moment conditions of (/ - P^K^ (see (5.3)) and (/ - Pf+^)C^+^C^ - P^YCi^^ 



(see (5.4)). Thus, is a multiple of some {(p, 00, s)-atom. Moreover, similar to the proof of (5.12), we 
see that (5.12) also holds in this case. 

By (5.11), (5.12) and Lemma 5.4, we know that for all A <E (0, 00), 



keZ i 



(5.14) 



which implies that / e /i^,w(]R") and ||/||,j.,^,oo,s(r„) < ||/|U.^,„(R")- 

Finally, we consider the case that fco > —00. In this case, from / G /i(p,Ar(R"), it follows that 
V3(R",t) < 00 for all t S [0,00). Adapting the previous arguments, we see that 

00 

/ = E (f - 5') + =: / + 5'" (5.15) 

A;— fco 

and, for the function /, we have a ((^, oo, s)-atomic decomposition same as above, namely, 

/= E (5-16) 

and 

Aoo{{hnk^ko,^)<\\fK,.iM'n■ (5.17) 
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By Lemma 4.7(ii), we know that 

||/'°|U^(K„) ^ C92'=« s; 2C9 mi^ GNif)ix) (5.18) 

and hence, by the nondecreasing property on t and the uniformly upper type 1 property of we see that 

where Cg is the same as in Lemma 4.7(ii). Thus, we see that g'^" is a multiple of some ((/?, c»)-single-atom. 
From (5.15), (5.16), (5.17) and (5.19), it follows that / € /i^,Ar(R") and ||/|U.,oo.,(k.) < ||/|U^,„(r™) in 
the case that fcp > — oo. This finishes the proof of Lemma 5.4. □ 

Remark 5.6. By its proof, any multiple of {ip, oo, s)-atoms in Lemma 5.5 can be taken to have supports 
Q satisfying 1{Q) G (0,2]. Indeed, for any multiple of some {(p, oo, s)-atom b supported in a cube Qq 
with l{Qo) > 2, we see that there exist iVo € Z+, depending on l{Qo) and n, and cubes satisfying 
l{Qi) G [1, 2] with i e {1, • • • , iVo} such that U,^\Qi = Qo, 

1 *$EXQ.(^) ^C-W (5-20) 

2=1 

for all X G Q07 and 6 = — ^2^=1 f'XQn where C(n) is a positive integer, only depending on n. For 

i G {1, • • • , A^oli let 6i := No bxQi- Then supp (6^) C Qi. Moreover, from b G L^{Qo), we deduce 

that &i G L'^{Qi). Thus, for any i G {1, 2, • • • , iVo}, bi is a multiple of some {(p, 00, s)-atom supported 
in the cube Qi and b = X^i^i ^i- By the definition of bi, Li^-^Qi = Qo and (5.20), wc know that for any 
A G (0,00), 



JVo / 

1=1 \ 



Thus, by the proof of Lemma 5.4, we see that the claim holds. 

Now, we state the weighted atomic decompositions of /ii^^Ar(]R") as follows. 

Theorem 5.7. Let ip be a growth function as in Definition 2.5, q{^), m{ip) and respectively as in 
(2.9), (2.10) and (3.20). If q & {q{p),oo], integers s and N satisfy N ^ and N > s ^ m{<p), then 

with equivalent norms. 

Proof By Theorem 3.19 and the definitions of /iV'' ^(R") and /i^,Ar(R"), we know that 

where the integers si and A'^i are respectively not less than s and N, and the inclusions are continuous. 
Thus, to prove Theorem 5.7, it suffices to prove that for any integers N, s satisfying N > s ^ m{p), 
Vjv(K") C h^^^''{V) and, for all / G /i^,7v(M"), ||/|U., 00, .(r„) < ||/|U^,„(h.). 

Let / G /i^^Ar(R"). From Corollary 4.8, we deduce that there exists a sequence of functions, 

C /l^,Jv(K")ni^(._i)(M"), 

such that for all m G Z+, 

ll/m|U^,„(R") < 2 '"||/||/i^_„(R") (5-21) 
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and / = J2mez+ /iv^. ^(^")- Lemma 5.5, we know that for each m G Z+, fm has an atomic 

decomposition / = Z^isN '^i" in with Ag({/i™}j) < ||/m|U^_ „(R"), where {/ir}iGZ+ is a sequence 

of multiples of (if, oo, s)-atoms and ft,™ is a multiple of some {ip, oo)-single-atom. 
Let ho := X]m=i ^o^- Then ho is a multiple of some (1^9, oo)-single-atom and 



00 



m=l iGZ+ 

Take po G (0, *(</3))- Then Lp is of uniformly lower type po- From this, Lemma 2.6(i) and (5.21), we deduce 
that 



00 00 



<y5 Wm,i, II ^11 

V li/IU,p,iv(K") 



m=l i=l 



< 



00 00 / WLniw 



?7l — 1 2—1 



< ^ 2"™^'° < 1, 




m—l 



where for each m G Z+ and i E Z+, supp(/i™) C Qm.i, which implies that / G /i*^' '*(M") and 
||/||/i^.~.=(R") < !l/ll/i^.„(R")- This finishes the proof of Theorem 5.7. □ 

Remark 5.8. Theorem 5.7 completely covers [64, Theorem 5.6] by taking (p as in (1.1). 

For simplicity, from now on, we denote by /i(p(R") the local Musielak- Orlicz Hardy space h;p_N{W^) 



when N N^. 



6 Spaces of finite weighted atoms 

In this section, we prove the existence of finite atomic decompositions achieving the norm in some 
dense subspaces of hip{M."). This extends the main results in [40,41,66] to the setting of the local 
Musielak- Orlicz Hardy space. As applications, we obtain that for a given admissible triplet {ip, q, s) and 
a /3-quasi-Banach space Bp with /3 G (0,1], if T is a S^-sublinear operator, then T uniquely extends 
to a bounded S/3-sublinear operator from /i^(K") to Bp if and only if T maps all (y;, g, s)-atoms and 
{lp, g)-single-atoms with q < 00 (or all continuous {ip, q, .s)-atoms with q = 00) into uniformly bounded 
elements of Bp . 

Definition 6.1. Let (ip, q, s) be admissible as in Definition 3.4. The space ft.^^'^' (M" ) is defined to be 
the vector space of all finite linear combinations of {(p, q, s)-atoms or (tp, g)-single-atoms, and the norm 
of /in ft^;«'^(M") by 

II /II =(R") inf < A5({/i,}*Lo) : f = ^h„ k eN, h, is a multiple of a 

I 1=0 

{ip, q, s)-atom or a {(p, (j)-single-atom|' . 

Obviously, for any admissible triplet {ip, q, s), ftgn^'*(R") is dense in /i'^'5''''(R") with respect to the 
quasi- norm || • [j^v., ^(Rn). 

Similar to the notion of the uniformly locally dominated convergence condition introduced in [35], 
we introduce the following notion of the uniformly locally g-dominated convergence condition with q G 
{q{ip), 00). 
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Definition 6.2. Let q e {q{ip),oo). A growth function ip is said to satisfy uniformly locally q-dominated 
convergence condition if the fohowing holds: 

Let K be a compact subset of M" and {fm}mez^ a sequence of measurable functions such that fm{x) 
tends to f{x) for almost every x £ M". If there exists a nonnegative measurable function g such that 
|/m(a;)| =^ g{x) for almost every x G R" and 



when iy9(R", 1) = oo, or 



sup 

«G(0,oo) 



sup 



ip{y,t) dy 



K 



\g(x)\'^tf{x,t) dx < oo 



K 



ip{y,t) dy 



when iy9(R", 1) < oo, then 



sup 

te(o,oo) 



v{y,t)dy 



K 



\g{x)\''ip{x, t)dx < oo 



\frn{x)~ f{x)\'^V{x,t)dx^Q 



(6.1) 



K 



as — OO when (^(R", 1) = oo, or (6.1) is true with K replaced by R" when (^(R", 1) < oo. 

We point out that the growth functions (p{x,t) :— Lu{x)^{t), with uj G (R") and $ being an Orlicz 
function, or 

tP 

"^^""'^^ [log(e + |a;|)+log(e + iP)]f 
for all X E M" and t G [0,oo), with p G (0,1], satisfy the uniformly locally q-dominated convergence 
condition with q G {q{(p), oo); see [35]. In what follows, let /ifin°^'*(R") denote the set of all f G 
*(R") with compact support. 

Theorem 6.3. Let q{ip) be as in (2.9) and {ip, q, s) admissible. 

(i) If q & {q{(f), oo) and if satisfies the uniformly locally q-dominated convergence condition, then 
II ■ IU(^' «' °(R") 'J^'^ II ■ IU^(R") (^^e equivalent quasi-norms on ^.^^'^'^(R") H j^^(R"). 

(ii) The quasi-norms \\ ■ ||/t*'- "(Rn) and \\ ■ ||;i^,(Kn) are equivalent on /i^^^c' '*(R") H C(R"). 

Proof. We first show (i). Let q G {q{ip), oo) and ((p, q, s) be admissible. Obviously, from Theorem 5.7, we 
deduce that /i^„^^^(R") C /^^■^■^(R") = /i^(R") and, for all / G /i£/'^(R"), II/IU,(K") < II/IU--(K")- 
Thus, to prove (i), we only need to show that for all / G /ifi„'^''(R") n Ll, ^^JW^), 



l/ll 



< 



\f\\h^ 



(6.2) 



Moreover, by homogeneity, without loss of generality, we may assume that / G /ig,'/'*(R") H L^^ 
with ||/||;i^,(R") = 1. In the remainder of this section, for any / G ft.^^''' '*(R"), let fcg be as in Section 5 
and Oat with fc ^ fco as in (4.1) with A = 2''. Since / G (/i^,Ar(R") n L^^. ^^(R")), by Lemma 5.5, there 
exist a multiple of some (ip, oo)-singe-atom Hq and a sequence {^fjfc^fco, i of multiples of {ip, oo, s)-atoms 
such that 



(6.3) 



holds both in 2?'(R") and almost everywhere. First, we claim that (6.3) also holds in L^^ ^^(R"). For 
any x G R", by R" = Ufc^feo-i(02fc \ Oa^+Oj '^^ see that there exists j G Z such that x G {^21 \ ^23+1). 
By the proof of Lemma 5.5, we know that for all k > j, supp {h'^) C Q.f C Oat C ^23+1 ; then from (5.11) 
and (5.18), it follows that 



k ^ kg i 



\ho{x)\< E 2' 



+ 2"" <2^ <gN{f){x). 
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Since / e L^(. ;^)(M"), by Proposition 3.2(ii), we know that GNif) e ^^(M"). This, combined with the 
Lebesguc dominated convergence theorem, imphes that X]fc>fco Si ~^ converges to / in L^j- ^■^(M"), 
which proves the claim. 

Now, we show (6.2) by considering the following two cases for ip. 

Case 1) ip(U", 1) = oo. In this case, we know that fcp = — oo and h^^x) = for almost every 
X € R". Thus, in this case, (6.3) has the version / = 12kei.^i^i- Since, when (p{M.",l) = oo, 
all {(f, (7)-single-atoms are 0, and hence if / £ /i^^*' '*(M"), then / has compact support. Assume that 
supp/ C Qo := Qixo^ro) and let Qo := Qixa, ^ro + 2^^^"+"^+^). Then for any ^ e X'Ar(R"), x e R"\Qo 
and t G (0, 1), we see that 



ipt*f{x)^l Tpt{x-y)f{y)dy = I Tpt{x - y)f{y) dy Q. 

JQ(xo,ro) J B(x,23{">+^))nQ(xo,ro) 

Thus, for any k G Z,, 172fc C Qq, which implies that supp (X^/tezX^i ^i) *- Qo- For each positive integer 
M, let 

FM:={{i,k): k e Z, k^ko,ieZ+, \k\ + i M} 

and /m ■= J2{k i)eFM ^i- Then, from the above claim, we deduce that Jm converges to / in -|^j(R"). 
Moreover, by / e ft,'^'''''*(M"), we see that there exist N G Z+ and a sequence {hi}fLi of multiples of 
some (if, q, s)-atoms such that / = X]i=i ^« almost everywhere. Let g :~ I'**!- easy to see that 

for any compact set K of R" , 

fr r 1'^ r ] 

\g{x)\'^f{x, t)dx > < oo. 



sup 

te(o,oo) 



viy,t) dy 

K 



K 



Then from the assumption that tp satisfies the uniformly locally (/-dominated convergence condition, we 
infer that 



sup 

tG(0,oo) 



1 -1 



v{v,t) dy 



K 



\fM{:x)~ f{x)\'i^{x,t)dx \ 



as M — > oo. Thus, there exists Mq G Z+ such that / — Jmo is a multiple of some (iy9, q, s)-atom and 
viQoi II./ ^ /A/olli? (Qo)) ^ ^- ^hi^ ^^"^ Lemma 5.5, we see that 

\\f\U^■^im-)<A,{{h'^}^k,^)eF,J+M{f^fMo})<h 

which implies (6.2) in Case 1). 

Case 2) (/j(IR",1) < oo. In this case, / may not have compact support. For any positive integer M, 
let /a/ := J2{k i)eFM '^^'^ f ^ f^^' where Fm is as in Case 1). Similar to the proof of 

Case 1), there exists a positive integer Mi G Z+ large enough such that 6jvfi is a multiple of some ((ys, q)- 
single-atom and (^(R", ||fe7\/j (jf,i)) < 1. Thus, / = /mi + &Mi is a finite linear atom combination of / 
and 



ll/ll^¥--'(K") < A, ({/if}(,.fe)ei=^„J + Ag({6Mj) 



<||/|U.,„,(R„)+inf|AG(0,cx)): ^ (^R", ^^ilHlim j ^ l| < 1, 

which implies (6.2) in Case 2). This finishes the proof of (i). 

We now prove (ii). In this case, similar to the proof of (i), we only need to prove that for all / G 
^fiA^^'^e^")' ll/IUg;°°''(K") ^ ll/ll;v(R")- Again, by homogeneity, without loss of generality, we may 
assume that ||/||/i^(Rn) = 1- Since / has compact support, by the definition of GNif), '^^ know that 
GNif) also has compact support. Assume that supp (tjjv(/)) C i?(0, i?o) for some Rq G (0,oo). From 
/ G L°°(R"), we deduce that GNif) ^ i°°(R")- Thus, there exists fci G Z such that = for any 
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k £ Ij with k ^ ki 



1. By Lemma 5.5, there exist a multiple of some ((/S, oo)-singe-atom ho and a 
sequence {hf}ki^k^ko,i of multiples of {ip, oo, s)-atoms such that / = J2k=ko Si + holds both in 
2?'(R") and almost everywhere. From the fact that / is uniformly continuous, it follows that for any 



given £ g (0, oo), there exists a (5 G (0, oo) such that if \x — y\ < y^(5/2, then |/(a;) — f{y)\ < e. 
loss of generality, we may assume that 6 < I. Write / = + /| with /f := k)eGi 



Without 
f ho and 



^(i,fe)eG: 



ft-f , where 



Gi := 



{(z,fc) : Z(Qf) ^5 S, ko ^ki^ki}, 



G2 {{"i, k) : l{Qi ) < S, fco ^ ^ ^ ki}, and is the support of (see the proof of Lemma 5.5). For 
any fixed integer k £ [ko, ki], by Lemma 5.1(ii) and C B(0, Ro), we see that Gi is a finite set. 

For /I, similar to the proof of [64, pp. 44-45], we know that |/|| < J2k=ko^ ^ (^1 ^ ko)e. By the 
arbitrariness of e, supp(/2) C B{0,Ro) and j/fl < (fci — ko)e, we choose £ small enough such that /f 
is an arbitrarily small multiple of some (ip, 00, s)-atom. In particular, we choose £0 € (0, 00) such that 
(p{B{0, Ro), ||/2"I|l°°(R")) ^ 1- Then / = J^a k)eG + ho + /I" is a finite atomic decomposition of /, 



and 



^(i,A:)eGi 

< ll/ll/i (Ri.) + 1^1, which completes the proof of Theorem 6.3. 



□ 



Remark 6.4. (i) Let q{ip) be as in (2.9) and (ip, q, s) admissible with q G {q{(p), 00). From the proof of 



Lemma 5.5, we infer that 
quasi-norm || • 



r) n L^(.^^)(R") is dense in 



), which, together with Corollary 4.8, implies that /ig^'''''(l 



in /i^(M") with respect to the quasi-norm 



M") with respect to the 
^)nL^(._^)(R") is dense 



\h^{S.")- 



(ii) Obviously, when (^(M" , 1) 



00, 



00, S / 



') n G(R") 



= /i^;°°'"(R")n 



')• 



of quasi-Banaeh-valued 



As an application of Theorem 6.3, we establish the boundedness on hip{l 
sublinear operators. 

Recall that a quasi- Banach space S is a vector space endowed with a quasi-norm || • ||b which is 
nonnegative, non-degenerate (namely, \\f\\B = if and only if / = 0), homogeneous, and obeys the 
quasi-triangle inequality, namely, there exists a positive constant K e [1, 00) such that for all f,g'EB, 

Wf + gh^Kilfh + hh)- 

Let /3 G (0, 1]. As in [35,65,66], a quasi-Banach space Bp with the quasi-norm j| • is called a /3-quasi- 
Banach space if there exists a positive constant k G [1, 00) such that for all G Bp with J G {1, • • • , m}. 



Notice that any Banach space is a 1-quasi-Banach space, and the quasi-Banach spaces and L^(M") 
with uj G A^^ (R") are typical /3-quasi-Banach spaces. Let 93 be a growth function as in Definition 2.5 
with the uniformly lower type po G (0, 1]. We know that h^iW") is a po-quasi-Banach space. 

For any given /3-quasi-Banach space Bp with j3 G (0, 1] and a linear space y, an operator T from y 
to Bp is called Bp-sublinear if there exists a positive constant k G [1,oo) such that for all fj G Bp and 



Xj G C with j G { 1 , 



T 



^ K 



and ||r(/) - T{g)\\B, < «||T(/ - g)\\B, for all f,g&y (see [65,66]). 

We remark that if T is linear, then T is S/3-sublinear. Moreover, if Bp is a space of functions, and T 
is nonnegative and sublinear in the classical sense, then T is also S^-sublinear. 
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Theorem 6.5. Let q{(p) be as in (2.9) and {ip, q, s) admissible. Let Bp be a 13- quasi- Banach space with 
/? (z (0,1] and p a uniformly upper type off satisfying p € (0,/?]. 

(i) Let q G {q{ip), oo), ip satisfy the uniformly locally q-dominated convergence condition and T : 



*(1^") ^ ^[i be a Bp-sublinear operator. Then T uniquely extends to a bounded Bp-sublinear operator 

from 



to B/3 if and only if 

S := sup I ||T(a)||g^ : a is any{ip, q, s)-atom with supp (a) C Q 
or any {ip, q)- single- atom^ < oo. 

(ii) Let if satisfy the uniformly locally qo-dominated convergence condition for some qo € {q{ip), oo) and 
T be a Bp-sublinear operator defined on all continuous {ip, c», s)-atoms. Then T uniquely extends to a 
bounded Bp-sublinear operator from ft,y(R") to Bp if and only if 

S := sup{||r(a)||e^ : a is any continuous {ip, oo, s)-atom} < oo. 

Proof. Wc first show (i). Obviously, it suffices to show that when S < oo,T uniquely extends to a bounded 
yB^-sublinear operator from /i(^(R") to Bp. By Theorem 6.3(i) and Remark 3.6, witliout loss of generality, 
we may assume that for any / G /jfin^'*(R"), there exist a sequence {Ajj'^Q C C with some / e Z_|_, a 
{p, (7)-single-atom and {if, q, .s)-atoms {ajYj^i satisfying supp (oj) C Qj for j G {1, 2, • • • , 1} such 
that / — X]!=o ^j'^j alniost everywhere and 



^9 ({^j%H=o) = inf <j A e (0,oo) : 



lA 



lAolllxK" 



L»'(E") 



j\\\XQj\\L-P{Rr^) 



11/11 



(6.4) 



Then from S < oo and the assumption that T is S^-sublinear, we infer that 



1/p 



1/p 



< \j2\KnT{a)\g^ 



< 



. i=0 



.i=0 



(6.5) 



Since ip is of uniformly upper type p, then for all x e M", t G (0,1] and s G (0,oo), we know that 
ip{x,st) > tPf{x,s). Let Ao := {EU \^^\^V^^■ Then, 



i=0 V 



|Ai|||XQj|_;,W 



Ao 



|AoIHxr"IIl-^(R") 

Ao 



> 



+ |Ao|V(l 



Il»'(R") 



Thus, from this, we deduce that Ao < Aq{{Xiai}\^Q), which, together with (6.4) and (6.5), implies that 

\\T{f)h, < Ao < A,({A,a,}U) < 

By Remark 6.4(i), we know that /ifin'''*(K") H i)(ll^") is dense in /i(p(R"), which, together with a 
density argument, implies the desired conclusion in this case. 

Now, we prove (ii). Similar to the proof of (i), it suffices to show that when S < oo, T uniquely extends 
to a bounded S^-sublinear operator from /i^(M") to Bp. We prove this by considering the following two 
cases for ip. 
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Case 1) (/?(M",1) = oo. In this case, similar to the proof of (i), using Theorem 6.3(ii) and Remark 
6.4(ii), we know that for ah / e n C(K"), ||T(/)||b^ < |1/|U^(r"). To extend T to the whole 

/i^(M"), wo only need to prove that /i^„°°'"(R") n C(]R") is dense in /i<^(k"). Since '*(M") is dense 

in /iy(R"), it suffices to prove that "(M") n C(]R") is dense in /i^;^""' "(M") with respect to the 

quasi- norm || • |U^(R"). 

To see this, let / £ '^(R"). In this case, for any {ip, oo)-single-atom b, b{x) = for almost every 

X e R". Thus, / is a finite linear combination of (ip, oo, s)-atoms. Then there exists a cube Qq :~ 
Q{xo,ro) such that supp (/) C Qo- Take S 2?(R") such that supp0 C Q(0, 1) and /jg„ 4>{x) dx = 1. 
Then it is easy to see that for any k G supp (0^. * /) C (5(xo,'ro + 1) and (pk * f & I'(R"). Assume 
that / = X^iLi •^i'^i with some N G {Xi}fLi C C and {0^}^^^ being {ip, 00, s)-atoms. Then for any 
k G Z+, (pk * I — X]i=i X'i't'k * flj- For any k G and i G {1, 2 • • • , A^}, we now prove that (pk * is a 
multiple of some continuous (iy9, 00, s)-atom, which implies that for any k G 

(6.6) 



G/i^,r^^(R")n I 

For i G {1, 2, • • • , iV}, assume that 

supp(ai) C Qt := Q{xt,r,). 
Then supp * a^) C Q^.fc := Q{xi,ri + 1/2''). Moreover, 

\\4>k ai\\L^{R") =^ l|a-t||L-(K") ^ WxqMlI^s^y 
Furthermore, for any a G N", J-^„ ai{x)x°' dx ^ implies that Jj^„ (jjk * ai(a;)x" = 0. Thus, 

I1xqJU'^(R") 



(f>k * ai 



is a 00, s)-atom. 

Likewise, supp {f ^ (t>k * f) CI Q{xo, rg + 1) and f — (pk * f has the same vanishing moments as /. By 
the assumption that ip satisfies the uniformly locally 5o"dominated convergence condition, we know that 
for any compact set K of R" , 



sup 

tG(0,oo) 



Hy,t) dy 



K 



\f{x)-cPk* f{x)\'i''v{x,t)dx\ -^Q, 



K 



as fc — > 00. Let 



Cfc := sup 



Q{xo,ro + l) 



ip{y,t) dy 



1/90 



\f{x)-^k*fix)rv{x,t) dx 



XQ(a:o.ro + l)||L»'(R") 



Q{xo,ro + l) 

and ak := (/ - (/Jk * f)/ck- Then Ofc is a {ip, qo, s)-atom, f -cjjk* f ^ CkUk and \ck\ -> 0, as /c -> 00. Then 
11/ -(f>k* /|j/>^(K") < Ag({cfcafc}) 



= inf |Ag (0,00) : ip^Q{xo,rn + l), 
<|cfe|^0. 



ll/-0fc*/llL^O(Q(:to,ro + l)) 



A 



^ 1 



(6.7) 



as — ^ 00, which, together with (6.6), shows the desired conclusion in this case. 

Case 2) (/;(R", 1) < 00. In this case, similar to the proof of Case 1), by Theorem 6.3(ii), it suffices to 
prove that ''(R") H C(R") is dense in h'^^°°''' {W') with respect to the quasi- norm \\ ■ \\h (e"). 
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For any / G "(R"), by Remark 3.6, without loss of generality, we may assume that 

/ = ^ A-iflj + Aoao, 

i=l 

where A^i G Z_|_, {Aij^^g C C and gq is a ((^, cio)-single-atom and {ai}^\ are {ip, oo, s)-atoms. Let 
{V'fe}feez+ C 2?(R") satisfy Vfe < 1, '/'A; = 1 on the cube Q(0,2'=) and suppi/'fc C Q(0,2'=+i). We 
assume that supp {J2i^2i ^i<^i) C Q{0, Ro) for some i?o G (0, oo) and fco is the smallest nonnegative integer 
such that 2'=" ^ i?o. For any integer k ^ ko, let /fe /^Jfe. Then fk G /ifi„°^^ "(K")- Indeed, by the choice 
of tpk, we know that 

//c = ^ A; a; + AoaoV'fc 

i=l 

and supp/fc C (5(0,2*^+^). Furthermore, from supp(aoV'fc) Q(0,2''+^) and 

l|ooV'fe||L,^(R") 5% l|ao||L^(R") S% ||XK"llLil(K") ^ II Xq(0,2'=+1) II L^(M>^) i 

we infer that aoV-'fe is a ((^, oo, s)-atom. Thus, fk G ^fln°^'*(R")- For any fixed integer k ^ ko and 
any i G Z+, let fk.i fk * where (j) is as in Case 1). Similar to the proof of (6.6), we know that 
/fe, » e /ifi„^''*(M") n C(R"). For any q G {q{ip), oo), by the choice of fk and ^(R", 1) < oo, we see that 



II./-MIl^,,,,(E")«;<1 / J/(x)|V(a:,l)dx 



[Q(0,2'=)]C 



1/9 



«;||Aoao||L-(E") < / (^(x,l)dx^ ^0, (6.8) 

[J[Q(0,2'=)]C J 

as fc — >■ oo. Furthermore, for any fixed fc G Z with fc ^ fco, similar to the proof of (6.8), we see that 
||./fe - /fe.ilU', ,(K") as i ^ OO, which, together with (6.8), implies that ||/ - fk.i\\L^, jr") -> 

0, as fc, i — > oo. Then similar to the proof of (6.7), we know that ||/ — fk,i\\h,j,(M.") — > 0, as fc, i — >■ oo, 
which completes the proof of Case 2) and hence Theorem 6.5. □ 

Remark 6.6. Theorems 6.3 and 6.5 completely cover [64, Theorem 6.2] and [64, Theorem 6.4], respec- 
tively, by taking ip as in (1.1). 



7 The dual space of /i(p(M") with apphcations to pointwise multiphers on local 
BMO-type spaces 

In Subsection 7.1, we give out the dual space, bmO;^(R"), of ft.^(R"). As an apphcation, in Subsection 
7.2, we characterize the class of pointwise multipliers for the local BMO-type space bmo'^(R"), where 
bmo"^(R") is the local BMO-type space introduced by Nakai and Yabuta [45]. 

7.1 The dual space of h^{W) 

In this subsection, we introduce the BMO-type space bmOi^(R"') and show that the dual space of 
/i;p(R") is bmo<p(R"). We begin with some notions. 

For any locally integrable function / on R", we denote the minimizing polynomial of / on the cube Q 
with degree at most s by Pgf, namely, for all multi- indices 9 G N" with ^ |6'| ^ s, 

/ [fix)-P^f{x)]x'dx = 0. (7.1) 
Jq 

It is well known that if / is locally integrable, then Pgf uniquely exists (see, for example, [57]). Now, 
we introduce the BMO-type space bmo<^(R") as follows. 
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Definition 7.1. Let 1^9 be a growth function as in Definition 2.5 and ■m{Lp) as in (2.f0). Let s € N with 
s ^ ■m{Lp). When (p{W\l) = 00, a locally integrable function / on R" is said to belong to the space 
bmo^(M"), if 

ll/l|bmo^(R-) := sup / \f{x) ~ PQf{x)\ dx 

QcK'>,|Q|<i IIXqIIl^(R") Jq 

+ sup J / |/(x)| dx < 00, 

QcR",|Q|>i IIXqIIl^(R") Jq 

where the supremums are taken over all the cubes Q C M" with the indicated properties, and Pqf as in 
(7.1). When (p(R", 1) < 00, a function / on R" is said to belong to the space bnio,^(R") if 

ll/llbmo.,(K") := sup / \f{x) - PAf{x)\ dx 

QcR",|Q|<i \\Xq\\l^(R") Jq 

+ sup [\f{x)\dx + - / \f{x)\dx<oo, 

QcK",|Q|>i I|XqI|l»'(R") Jq IIXR" IIl^(R") Jr" 

where the supremums are taken over all the cubes Q C M" with the indicated properties, and Pgf as in 
(7.1). 

When if{x,t) := t for all x e M" and t e [0,oo), bmOy(M") is just bmo(M") introduced in [20]; when 
Lp IS as m (1.1), bmo<^(R") is just bmoJ^(R") introduced in [64]. 

Now, we show that the dual space of h''^' '*(K") is bmO(p(]R"). We first recall the notion of the atomic 
Musielak-Orlicz Hardy space H'-f'°°'''(R"), which, when Lp S Ag(R") with q G {q{ip), 00), was introduced 
byKy [35]. 

Definition 7.2. Let iy9 be a growth function as in Definition 2.5 and ■m{Lp) as in (2.10). Let s e N with 
s ^ m{tf). A measurable function a on M" is called an H"^- °°- {M.'^)-atom if there exists a cube Q C M" 
such that 

(i) supp (a) c Q; 

(ii) lia|U-(Q) «^ IIXQllZii(R"); 

(in) /jj„ a(x)x" dx = for aU a € with |a| ^ s. 
The atomic Musielak-Orlicz Hardy space H^'°°'^{M.'^) is defined to be the set of all / e 2?'(R") satisfying 
the fact that / = J^'Zi in 2^'(K"), where is a sequence of multiples of TJ'^' "(M")-atoms with 

supp {hi) C Qi, and viQii ll^i||i~(Q,)) < Moreover, letting 

Aoo({6.},) :=inf |ag (0,00) : ^^|^Q„i^^^M^ <; l| , 

the quasi-norm of / G H'f'°°'^{W'''') is defined by 

ll/lkf.~. = (R") inf {Aoo ({&j}iez+)} , 

where the infimum is taken over all the decompositions of / as above. 

Furthermore, the space H^^°°'^{W^) is defined to be the set of all finite linear combinations of 
i?'^^°°-''(R")-atoms. 

Obviously, "(R") is dense in ff^- '^(M") with respect to the quasi-norm |1 • H^^, cx,, .(r.). 

The following BMO^(R"), when (p € Ag{R") with q e (q((^), 00), was introduced by Ky [35]. 

Definition 7.3. Let 1^9 be a growth function as in Definition 2.5 and rn{(p) as in (2.10). Let s G N with 
s ^ iTi{(p). A locally integrable function / on M" is said to belong to the space BMOi^(K") if 

II/I|bmo^(R") := sup [ \ f{x) - P^f{x)\ dx < 00, 

QcR" IIxqIIl^(R") Jq 

where the supremum is taken over all cubes Q C M" and Pq/ as in (7.1). 
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The next Lemma 7.4, when (p e Ag(R") with q G [qif): oo), is just [35, Theorem 3.2], whose proof for 
its current version is similar to that. We omit the details. 

Lemma 7.4. Let tp be a growth function as in Definition 2.5 and m(ip) as in (2.10). Let s e N with s ^ 
m{ip). Then the dual space of H-^'°°^'{K"), coincides with BMO^(M") in the following 

sense. 

(i) Let g e BMO^(M"). Then the linear functional L, which is initially defined on H^^°"' ^ {M.") by 

L{f) = {gJ), (7.2) 

has a unique extension to i/*^' "(M") with ||L|| oo, ^ C'||5||bmo^(K"); where C is a positive 

constant independent of g. 

(ii) Conversely, for any L E [H^^°°-'{W')]* , there exists g e BMO^(M") such that (7.2) holds for all 
f G iJ^jJ*^' *'(R") and ||,9||bmo (R") ^ C||i|| ^(Ei)]* ; where C is a positive constant independent of 
L. 

Now, we show that the dual space of h'^'°°''^{W^) is bmo<p(R") by invoking Lemma 7.4. 

Theorem 7.5. Let ip be a growth function as in Definition 2.5 and m((p) as in (2.10). Let s G N with 
s ^ m{Lp). Then the dual space of h'f'°°^'{W"'), [/i'^'°°'"(R")]*, coincides with bmo^(R") in the following 
sense. 

(i) Let g G bm0;^(R"). Then the linear functional L, which is initially defined on h'^^'^ iW^) by 

L{f) = {gJ), (7.3) 

has a unique extension to /i'''' °°' ''(R") with [^v-, oc, s(-r„-)]* ^ C||.9l|bmo^(K"); where C is a positive 
constant independent of g. 

(ii) Conversely, for any L G [/i"^'""' *(M")]*, there exists g G bmO;p(R") such that (7.3) holds for all 
f G /i^^'''' "(M") and |i3||bmo^(B'>) ^ Cjl^ll [/i*'- »(K")]* ; where C is a positive constant independent of L. 

Proof. The proof of (i) is similar to that of [35, Theorem 3.2(i)]. We omit the details. 
Now, we prove (ii) by considering the following two cases for p. 

Case 1) (/3(R"', 1) = oo. In this case, take a sequence {Qj}jez+ of cubes such that for any j G Z+, 
Qj C Qj+u linij^oo Qj = R" and ^(Qi) G [l,oo). Assume that L G [/i'^'°°'''(R")]*. Similar to the proof 
of [64, (7.16)], we know that there exists a function g on M" such that for all / G L^{Qj) with j G 



i/= / f{x)g{x)dx. (7.4) 
Now, we show that g G bmo^(R") and for aU / G "(R"), 

Lf= I f{x)g{x)dx. (7.5) 



Indeed, since (/3(R", 1) = 00, all {ip, oo)-single-atoms are and, for any {p, 00, s)-atom 6, there exists a 
jo G Z+ such that b G L'^{Qjg). By this and the fact that (7.4) holds for all j G Z+, we see that (7.5) 
holds. 

Next, we prove that g G bm0;p(R"). Take any cube Q C R" with 1{Q) G [l,oo) as well as any 
/ G L-^iQ) with ||/||l»(q) 5^ 1. Let b := ||xqIIZ'J(K")/XQ- Then 6 is a {p, 00, s)-atom and supp (6) C Q. 
From the equality Lb = b{x)g{x) dx and L G [/i'^'°°'''(R")]*, we infer that 



\Lb\ 



b{x)g{x) dx 



Thus, for any / G L^{Q) with ||/||loc(q) ^ 1, we know that 



Ixq" ^ 



f{x)g{x) dx 



< ||L|l[,jV.oc,s(R„)].. 
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Take / :— sign(g). Then 



\\xq\\l-p{q) 



\g{x)\ dx < ||L||[^,=,^, = (Rr.)]. 



(7.6) 



Furthermore, by /i¥''°°'^(R") D H'P'°°'''{R") and ||/|U^,oo, 
we know that [/i'^'°°^'*(M")]* C [i7'^^°°^'*(M")]* and L 



s; ||/||h..-. = (R") for ah / e m^^^^iR"), 
t„)€ [i7'^^°°''*(M")]*. Since (7.5) holds for 



aU / e /i^„°°''(R"), from Lemma 7.4(ii), we deduce that g e BMO^(IR") and 



llffllBMO^,(R") ^ 11-^ \hv. 



This, together with (7.6), imphes that g € bmo<^(R") and 1 1 .9 1 1 bmo^, (R" ) ^ jl^ll [/i»=. °°. "(R")]* , which com- 
pletes the proof of (ii) in Case 1). 

Case 2) i^(R", 1) < oo. In this case, let 



h^^''{W) := J / = ^ 6, in I?'(M") : For i e Z+, 6, is a multiple of some 

oo ^ 

((^, cxj, s)-atom, supp(6i) C Qi, and ^ {cji, ||&j:||l~(q,)) < oo !■ 

and for all / € /i'5^'*(]R"), ||/||^^;:^,(]g„^ := inf{Aoo({6j}^i)}, where the infimum is taken over all the 
decompositions of / as above. For any / G L\^^ (K" ), let 



11/11 



bmoto 



QCR",|Q|<1 \\XQ\\lv(Q) Jq 



sup 



QCR", IQI^l IIXqI!l»'(Q) 



|/(a;)| dx, 



where the supremums are taken over all the cubes Q C M" with the indicated properties and PqJ as in 
(7.1), and 



bii^(M"):={/eiL(K"): ||/|| 



bmo„ 



< OO 



Similar to the proofs of [35, Theorem 3.2(i)] and Case 1), we have 

/i'J^^(M")j * = bmv(K" )- 



(7.7) 



Assume that L e [/i'^^°°'-'*(R")]*. Similar to the proofs of [64, (7.20)] and [35, p. 28], we know that 
there exists g e L^{W') such that for aU / e L^(M"), 



Lf = f{x)g{x) dx. 



(7.8) 



Finally, we prove that g e bmo^(M") and Ugllbmo, (R") ^ 11-^11 [/n'. °°' "(R")]* ■ Obviously, (7.8) holds for 
all / e ;i^„°°'-'(R"). For any / G L^(R") with ||/|Uj=(r„) ^ 1, let b ||xR"IIZnR")/- Th^i^ ^ ^ 
{ip, oo)-single-atom. From (7.8) with f := b and L e [/i'^'°°'''(R")]*, we deduce that 



|L5| 



b{x)g{x) dx 



which implies that 



1l»'(R") 



f{x)g{x) dx 



^ ||i||[ft/^,=o,=(R")]* 
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Take / :— sign(g). Then 

||XR"IIZ^(E") / l5(a:)|da; < ||L|| [,,,=, oo..(R„)].. (7.9) 

Moveover, by /i'^'°°''*(R") D hy^'{W') and ||/|U^.oc,,(ia„) <; ||/||^^;7^,(jj„^ for all / € h^''{W), we 
know that [/i'^'°°''*(M")]*c[/i'5^"(R")]* and L\^^^^^,^^e [/i'J^'*(R")]*. Thus, from (7.7) and (7.8), 
we deduce that g e bmO;p(]R") and 

ll-9lli^(R") - 11^ ll[,,^7^s(R„)]. ^ (R")]*, 

which, together with (7.9), implies that g e bmO;p(]R") and |lg||bmo^(R") 11-^11 [h"''- °°. »(R")]* ■ This finishes 
the proof of Theorem 7.5. □ 

From Theorems 5.7 and 7.5, we deduce the following conclusion. 
Corollary 7.6. Let ip be a growth function as in Definition 2.5. Then [/i^(R")]* — bmOip(R"). 

7.2 Characterizations of pointwise multipliers for bmo"^(R") 

We first recall some notions about pointwise multipliers for functions of bounded mean oscillation 
from [45]. 

Definition 7.7. Let (/) be a positive increasing function on R_|_. A locally integrablc function / on R" is 
said to belong to the space BMO'^(R"), if 



BMO*(R") := sup , ,^..| I / |/(a;) - /qI dx < oo, 
OCR" Jo 



QcR" mQ))\Q\ Jq 

where the supremum is taken over all the cubes Q C R" and fg := Jg f{y) dy. Moreover, a locally 
integrablc function / on R" is said to belong to the space bmo'^(R"), if 

il/llbmo*(R") •= sup / \f{x)-fQ\dx 



i",\Q\^i ni[Q))\Q\ Jq 



where the supremums are taken over all the cubes Q C R" with the indicated properties. 

A function g on R" is called a pointwise multiplier on BMO'^(R") (resp. bmo'^(R")), if the pointwise 
multiphcation fg belongs to BMO'^(R") (resp. bmo'^(R")) for all / e BMO'^(R") (resp. / € bmo'^(R")). 

The following Proposition 7.8 is just [45, Theorem 3]. 

Proposition 7.8. Let <f> be a positive increasing function on R_|- and 4>[r)/r almost decreasing. Then a 
function g on R" is a pointwise multiplier on bmo'^(R") if and only if g (z BMO'^'(R") n L°°(R"), where, 
for all r G (0, oo), 



^(r) := 0(r) 



2 

(/)(t)t"^ dt 

min(l,r) 



Another main result of this section is as follows. 

Theorem 7.9. Let cj) and ip be as in Proposition 7.8. 

(i) // (j) is further assumed to satisfy the fact that for all t € (0, co), 

m-f—dr. (7.10) 
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then there exists an Orlicz function $o, which is of type {n/{n + 1), 1), such that the class of pointwise 
multipliers for bino'^(R") is the dual of L\W^) + h^„{R"). 

(ii) The class of pointwise multipliers for bnio(R") is the dual of L^{M.") + hg{M."), where /ie(M") is 
the local Musielak- Orlicz Hardy space related to the Orlicz function 6{t) := j^T^Jqi^y- 

Remark 7.10. (i) A similar result to Theorem 7.9(ii) for BMO(R") was obtained by [35, Theorem 3.3]. 

(ii) From the assumption that <j){r)/r is almost decreasing, we infer that (j) is of upper type 1. Moreover, 
if (j) is of lower type po £ (0, 1], then 4> satisfies (7.10). Conversely, if satisfies (7.10), then is of lower 
type 0; however, if 4){r) = 1 for all r G (0, oo), then (j){r)/r ~ \/r for r S (0, oo) is decreasing and (j) is of 
lower type 0, but does not satisfy (7.10) and hence the assumptions of Theorem 7.9(i). 

(iii) We point out that when </) = 1, bmo'^(R") in Definition 7.7 is just bmo(R") introduced by Goldberg 
in [20]. Since the function 0=1 does not satisfy the assumption in Theorem 7.5(i), Theorem 7.9(ii) is 
not contained in Theorem 7.9(i). 

To show Theorem 7.9, we need the following lemmas. 

Lemma 7.11. Let (j) and ip be as in Proposition 7.8. Then 

BMO'^(K") n L°°(M") = bmo'^'(K") n L°°(M") 

with equivalent norms. 

Proof First, we recaU that for ah / e BMO'''(]R") n L°°(R") (resp. / e bmo'^'(K") n L°°(M")), 

ll/llBMO'''(R")nL~(R") = II/IIbMO'''(R") + II /II L'°(B") 

(resp. ||/||bmo^(R")nL»(R") = ll./llbmonM") + ll/IU~(R"))- the definitions of BMO'^'(M") and bmo'^'(R"), 
we know that bmo'^(R") C BMO'^(R") and for aU / e bmo'^(R"), ||/||bmo*(R") ^ ll/llbmo'*(R"), which 
implies that bmo'^(M") n L°°(R") C BMO'''(M") n L°°(M") and for aU / e bmo'^'(II^") n L°°(R"), 

ll/llBMO'''(R")nL°=(R") ^ ll/llbnio'''(R")nL°=(R")- 

Now, we prove that BMO'''(R") n L°°(R") C bmo'''(M") n L°°(E"). Let / e BMO'^(R") n L°°(R"). 
Then it is easy to see that 

ll/llbnio'''(R") ^ II/IIbMO"''(R'>) + II/IIl°°(R") ^ ll/llBMO'''(R")nL°°(R")) 

which implies that / e bmo'''(R") n L°°(M") and 

ll/llbmo'''{R")nL°=(H") ^ II /II BMO* (R")nL°° (R") ■ 

This finishes the proof of Lemma 7.11. □ 

Lemma 7.12. Let (j) and tp be as in Proposition 7.8 and, moreover, let (j) satisfy (7.10). Then there 
exists an Orlicz function $o such that $0 is of type (n/(n + 1), 1) and, for all Q C R", 

IIxqIIl*o(r-.) = V'(^(Q))IQ|. 

Proof. For all t e (0,cx)), let r]{t) := ip{t~^^"')t~^ . Then by the definition of ■0 and the assumption that 
(f) is increasing, we conclude that 77 is strictly decreasing on (0, 00). Then, the inverse of 77 exists and let 
$0(0 := JrH*"^) for all t e (0, 00). Thus, for any cube Q C R", 

IIxqIIl-o(k.) = ^-i^y^Q^) = ^(VIQI) = mQ))\Q\- 

From the fact that 77 is strictly decreasing and the definition of $oi it follows that $0 is strictly increasing 
on (0,00), lim(^o+ ^o{t) = and limt_>oo ^o(0 = Now, we prove that 4>o is of type {n/{n + 1), 1). 
To this end, by [63, Proposition 3.10], it suffices to show that po is of type (0, 1/n), where po{t) := 
t-V$o^(t-i) for all t e (0,00). 
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First, wc prove that po is of upper type l/n. Let s G [1, oo) and t G (0, oo). If ts ^ 1 and t ^ I, then, 
from the upper type 1 property of (j), we infer that 

poits) = cj^ ((Ls)!/") 0(r) ^1 < s'^-poit). (7.11) 
If ^ 1 and t G (0, 1], then by the upper type 1 property of </> and (7.10), we conclude that 

Po(t.)<.^/>(t^/"){^%(r)^} ' 

^ L ^^'^ V [l! ^^^^ ill ^^'^ 

<0(2)|^%(r)^| si/"^%(r)^| <si/«^o(t). (7.12) 
If ts G (0, 1], then t G (0, 1]. In this case, from the upper type 1 property of cj) and (7.10), it follows that 



^ dr 
0(r) 

(ts 

ti/„ r r J \J^l,r^ r 



<m[l -/-My} "'^"{X/„'^W7-} ^*'^>o(i). (7.13) 

Thus, by (7.11), (7.12) and (7.13), we know that po is of upper type l/n. Similar to the above argument, 
by the assumption (7.10), we know that (jj is of lower type and hence po is of lower type 0, which 
completes the proof of Lemma 7.12. □ 

Lemma 7.13. Let (j) = 1, ^j{t) := [J^i^(^i t)^/r dr]-'^ and 9{t) := t[\n{e + t)]'^ for all t € {0,oo). Then 
for all cubes Q C R", 

[V'(Z(Q))]-^^ln(e+|Qri) (7.14) 

and 

^ ln(e + |Q|-i)' ^^-^^^ 
where the implicit constants are independent ofQ. 
Proof We first prove (7.14). Let Q C M" be a cube. If ?(Q) ^ 1, then 

ln(e + |Q|-i) ^ ln(2e) ^ ln2 ^ [i'{l{Q))]-\ 

Moreover, ln(e + \Q\-^) ^ 1 ^ m{Q))]-\ Thus, ln(e + \Q\-^) ^ miQ))]-^ if /(Q) ^ 1. 
If /(g) G (0,1], then 

ln(e + |Qri) <nln(e+[/(g)]-i) 5:nln(^^^ <ln2-ln/(Q)^ [V'(/(Q))]-^ 
Furthermore, 

ln(e+|Q|-i) ^ln(2ei/2[;(g)]-n/2^ > In 2 - (n/2) In /(Q) ^ [./-(/(Q))]"!. 

Thus, ln(e + |Q|^^) ^ [iIj{1{Q))]~^ also holds if 1{Q) G (0,1]. By the above estimates, we see that 
ln(e + |0|-i) - [ij{l{Q))]-'^ for any cube Q C M", which prove (7.14). 
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Now, we prove (7.15). For any cube Q C K", let Aq := in{e+%\-i) - Then 

a( MA ^^ ln(e+|Q|-i) 

e{x, 1/Aq) = (7.16) 

Obviously, ln(e + \Q\-'^ ln(e + \Q\^^)) ^ ln(e + |Q|"^) for all Q C M", which implies that for aU Q C M", 

ln(e + |Q|-^) ^ 
ln(e + |Q|-iln(e + |Q|-i)) ~" ' 

By this, (7.16) and the definition of ||xq||l4=(R"), we conclude that for all Q C M", 

IIXQllLf(K") ^ Aq. (7.17) 

Now, we prove |1xqIIl<'(R") Z ^Q- If KQ) ^ [l,oo)> then, 

ln(e + |Q|-i ln(e + \Q\-^)) ln(e + 2\Q\~^) < ln(e + |Q|-i), 

which implies that in(e+|q[-i'^ln^(e+|Q|-^)) ^ F^'o™ this and (7.16), we infer that 



( e[x,l/AQ)dx>l. {T.li 
Jo 



If 1{Q) e (0, 1], by ln(e + \Q\-^) > 1, we know that e + '"'"^l^^l < (e + |g|-i) ln(e + \Q\~^), which 
implies that 

In (e + |Q|-i ln(e + \Q\-^)) ln(e + \Q\-^) + In (ln(e + \Q\-^)) . 

By this and the fact that \nx < x for all a; £ {l,oo), we conclude that ln(e + \Q\^^ ln(e + |Q|^^)) < 
21n(e + IQI"^), which, together with (7.16), implies that 0(x, ■j^)dx > i. From this and (7.18), we 
infer that for all cubes Q C K", ||xq||l«(r") ^ Aq, which, together with (7.17), implies that (7.15) holds. 
This finishes the proof of Lemma 7.13. □ 

Now, we show Theorem 7.9 by using Lemmas 7.12 and 7.13. 

Proof of Theorem 7.9. Wc first prove (i). Let $o be as in Lemma 7.12. Then $o is an Orlicz function of 
type {n/{n + 1), 1) and for all cubes Q, ||xq||l1'o(R") = i-'{l{Q))\Q\j which implies that 

bmo<i.„ (M") = bmo'''(R") (7.19) 

with equivalent norms. Furthermore, by a standard argument, we know that 

[ii(M") + /i<i.o(R")]* = [Li(M")]* n [/i<i.„(M")]*, 

which, together with Corollary 7.6, (7.19) and the well-known fact that [L'^{R")]* = L°°(]R"), implies 
that [Li(R") + /i$o(M")]* = L°°{W^) D bmo'^(M"). From this and Proposition 7.8, we deduce (i). 

Now, we prove (ii). By (7.14) and (7.15), we conclude that for all cubes Q C M", ||xqI!l''(R") ~ 
'4'(.l{Q))\Q\j which implies that bmo6)(R") = bmo'''(R"). The remainder of the proof is similar to that of 
(i). We omit the details here. This finishes the proof of (ii) and hence Theorem 7.9. □ 



8 Boundedness of local Riesz transforms and 5*° oiM."") pseudo-differential op- 
erators on h^{W) 

In Subsection 8.1, we show that local Riesz transforms are bounded on h^{W), where (p G A^°'^ (R") 
with q G [1,cxd). Subsection 8.2 is devoted to the boundedness of o(^") pseudo-differential operators 
on /i^(R"), where (p € Ap(0ct) for some a € (0,C!o), which is contained in Ajj"^ (R") (see Definition 8.6 
below), with p g [1, oo) and (pa as in (8.7) below. 
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8.1 Local Riesz transforms 

Now, we recall the notion of local Riesz transforms introduced by Goldberg [20]. In what follows, 
denotes the space of all Schwartz functions on R". 

Definition 8.1. Let (t)o G V{R") be such that <j)o = 1 on (9(0,1) and supp(0o) C (5(0,2). For j € 
{1, • • • , n} and x G R", let 

For / e 5(K"), the local Riesz transform rj{f) of / is defined by rj{f) := kj * f. 

We remark that (po in [20] was assumed that (/)o = 1 in a neighborhood of the origin and (po £ I?(R"). 
In this paper, for the sake of convenience, we assume (po = 1 on (9(0,1) and supp((/)o) C (9(0,2). We 
have the boundedncss on ft,^(R") of local Riesz transforms {rj}"^i as follows. 

Theorem 8.2. Let ip be a growth function as in Definition 2.5. For j g {1, • • • , n}, let rj be the local 
Riesz operator as in Definition 8.1. Then there exists a positive constant C{(p, n), depending only on Lp 
and n, such that for all f G /i(p(R"), 

ll^j(/)IL^(R") < C^f^ ")II/IIV(K")- 

To prove Theorem 8.2, we need the following lemma established in [58, Lemma 3.2]. 

Lemma 8.3. For j G {1, • • • , n], let rj be the local Riesz operator as in Definition 8.1. For Lp G (R") 
with p G (1, oo), there exists a positive constant C{p, ip, n), depending only on p, ip and n, such that for 
aZI/Gi^(.,)(R"), 

I1'^j(/)I1l^,.^,(R") «^ C'(p, V?, n)||/||iP^ ^^(R„). 

Now, we prove Theorem 8.2 by using Lemma 8.3. 

Proof of Theorem 8.2. Let s :~ \ n[q{ip) /i{ip) — 1]J, where q{ip) and i{ip) are respectively as in (2.9) and 
(2.3). Then (n + s + l)i{(p) > nq{ip), which implies that there exists q G {q{ip),oo) and pq G {0,i{(p)) 
such that (n + s + l)po > nq, ip is of uniformly lower type po and ip G A|j°'^(R"). We first assume 
that / G /i^(R") n j^^(R"). To show Theorem 8.2, it suffices to show that for any multiple of some 
(ip, (j')-single-atom b, 

J^^ip{x,g%ir,mx)) dx<^(RM16|L,(K„)) , (8.1) 

and for any multiple of {ip, q, s)-atom b supported in Q := Q{xq, Rq) with Rq G (0, 2], 

/ ^{x,g%{r,{b)){x)) dx<^(Q,\\b\\i^.^QX (8.2) 

Indeed, if (8.1) and (8.2) hold, by Lemma 5.5, Remark 5.6 and the claim, proved in the proof of Theorem 
6.3(i), that (6.3) holds in ^^(R"), we know that there exist a sequence {bi}i of the multiple of {ip, q, s)- 
atoms, respectively supported in {Qj}j with l{Qj) G (0,2], and a multiple of some {ip, g)-single-atom bo 
such that f ^ bo + J^i^i ^^(. i)(-'^") ^-iid ||/||/i»=(R") ^ Aq{{bi}i), which, together with Lemma 8.3, 
implies that rj{f) = rj{bo) + J2i ''j(^i) -^^(. i)(II^")- From this, we deduce that 

G%ir,{f)) ^ g%{r,{bo))+J2gUrjih)), 

i 

which, together with (8.1) and (8.2), imphes that for all A G (0,C5o), 
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< 



<y5 



,n II^0||l5( 



^»llLg,(K") 

A 



By this, we conclude that |lr,(/)||,,^(K.) < ||/||,.,(r™). Smce h^iR^) n is dense in /i^(R"), a 

density argument then gives the desired conclusion. 

We first prove (8.1). In this case, from the uniformly upper type 1 property of ip^ Holder's inequality, 
Lemma 2.9(iii), the fact that g'}^{rj{b)) < {rj{b)) and Lemma 8.3, we infer that 



{x,g%{rj{b)){x)) dx 



dx 



\QN{fj{b)){x)\'^ ip {x, ||6||lJ(R")) 



dx 



1/9 



< 



^ ]RM|fe||i,(K„) 



(8.3) 



which implies (8.1). 

Now, we prove (8.2) for b by considering the following two cases for Rq. 

Case 1) i?o S [1, 2]. In this case, by the definitions of rj{b) and Q%{rj{b)), we see that 

supp {gl{rj{b))) eg* :=g(2;o,i?o + 8). 

From this, the uniformly upper type 1 property of Lp, Holder's inequality, (ii) and (iii) of Lemma 2.9, we 
infer that 



^p{x,g%{rj{b)){x)) dx 

ip{x,g%{r,mx)) dx 

(,^Q%hM^\ ( mi \ 



X [p {Q*A\b\\LUQ) 



dx 



1 



\MlUQ) 



< 



\g%{r,{b))i^r'pi^AmLUQ))d^ 

^(qMI^IIluq)) <v'(qJ1^I1lj(q)): 



1/9 



which implies (8.2) in Case 1). 

Case 2) Rq G (0, 1). In this case, let Q := 8nQ. Then 



<f{x,g%irjib))ix)) dx^ l^{x,g%{rjib)){x)) dx + I • • • =: Ii + I2 

Jq J{q)<^ 

For Ii, similar to the proof of Case 1), we know that 

Il«S^(0,il&llLj(Q)) • 

Now, we estimate I2. Similar to the proof of [64, (8.10)], we see that for all x G (Q)^, 

pri+s+l — 5 

g^(^.-(^))(-^)< l^_°^l„+.+,_, H&!Uw)^ 



(8.4) 



(8.5) 



(8.6) 
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where (5 is a positive constant small enough such that po{n + s + 1 ^ 6) > nq. By the fact that 
supp {G%{rj{b))) C Q{xo,Ro + 8) C Q{xo,9) and Lemma 2.9(i), we conclude that there exists a 
(p G Aq(R") such that (p(-,t) = fi-jt) on Q{xo,9) for all t S (0,oo). Let mo be the integer such 
that 2™n"ini?o sC 9 < 2"'°nRo. From (8.6), the uniformly lower type Pq property of ip, Lemma 2.9(iii) 
and po{n + s + I — S) > nq, we infer that 

h< f p{x,g%{r,{b)){x)) dx 

JQ(xo,9)\Q 



X — a;o|"+'*" 

■ , J2J + inQ\23nQ \ F | I ^ / 



j=3 "'2J + inQ\23nQ 
™o ^ / nn+s+1-6 



dx 



3=3 
mo 



which, together with (8.4) and (8.5), implies (8.2) in Case 2). This finishes the proof of Theorem 8.2. □ 

Remark 8.4. We remark that Theorem 8.2 completely covers [64, Theorem 8.2] by taking (p as in (1.1), 
where $ is further assumed to satisfy the fact that p$ = and is the attainable critical upper type 
index of <f>. 

8.2 Si o(I^") pseudo-differential operators 

The pseudo-differential operators have been extensively studied in the literature, and they are impor- 
tant in the study of partial differential equations and harmonic analysis (see, for example, [53,54,59,60]). 
Now, we recall the notion of pseudo-differential operators. 

Definition 8.5. A symbol in S'j'g(M") is a smooth function (j{x,£,) defined on M" x R" such that for all 
multi-indices a and /?, the following estimate holds; 



where C(a, (3) is a positive constant independent of x and ^. Let / S 5(]R") and / be its Fourier 
transform. The operator T given by setting, for all x G M", 

Tf{x):^ I a{x,Oe'"^^hOd^ 



is called an S'2'o(R") pseudo-differential operator. 

In the remainder of this section, for any given a £ (0, oo) and all t G (0, oo), let 

(/)„(i) (1 + i)". (8.7) 

Recall that a weight always means a locally integrable function which is positive almost everywhere. 

Definition 8.6. Let (p : R" x [0, oo) — > [0, oo) be a uniformly locally integrable function and a G (0, oo). 
The function p{-,t) is said to satisfy the uniformly local weight condition Aq^cj)^) with q G [l,oo) if there 
exists a positive constant C(a), depending on a, such that for all cubes Q :~ Q{x, r) and t G [0, oo), 



^p{x, t) dx 



[(p(x,t)] p-^ dx] ^C{a) 



p-i 
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when q S (1, oo), and 



(p{x,t)dxl esssup [if {y,t)] ) < C(a) 



M\Q\)\Q\Jq^ ' ' \ yec 
when q = 1. 

We point out that Aq((j)a) with q S [l,oo) when (p is as in (1.1) was introduced by Tang [58]. 
Similar to the classical Muckenhoupt weights, we have the following properties oi ip E Aoo(0q) ■— 
Ui^p<ooAp(0q); whose proofs arc similar to those of [58, Lemmas 7.3 and 7.4]. Wc omit the details. 

Lemma 8.7. Let a € (0,oo). 

(i) Ifls^pi<P2< oo, then Ap^(0q) C Ap^ ((/)„). 

(ii) For p G (1, oo), ip G Ap{(j)a) if and only if ip^p^ e Ap' {(pa), where l/p+ l/p' = 1. 

(iii) If f £ Ap{(f)a) for p € [l,oo), then there exists a positive constant C such that for all t G (0, cx)), 
cubes Q C M" and measurable sets E <Z Q, 



1^1 <C 



m\)\Q\ 



v{E,t) 



^{Q,t) 



l/p 



Lemma 8.8. Let T be an o(K") pseudo- differential operator and a E (0,oo). Then for (p E Ap{(f)a) 
with p G (1,oo), there exists a positive constant Cij), <p>^ a), depending on p, tp and a, such that for all 

/ei^(.a)(K"), 

llr/lliP^ _^^(R-^) < Cip, ip, a)||/||iP^ _^^(R„). 

Now, we establish the boundedness on /i^(M") of q{R-^) pseudo-differential operators as follows. 

Theorem 8.9. Let T he an o(^") pseudo- differential operator, ip a growth function as in Definition 
2.5 and ip e Aoo{(t>a) for some a e (0,oo). Then, there exists a positive constant C{ip, n, a), depending 
only on ip, n and a, such that for all f G /i(p(R"), 

ll^/||h^(R-^) s: C((p, n, a)||/||^^(R™). 

Proof. Let q G {q{ip), oo), a G (0, oo) and the nonnegativc integer s satisfy {n + s + l)i{ip) > nq{l + a), 
where i{ip) is as in (2.3). Then, by (2.3), we further see that there exists po £ {0,i{ip)) such that 
(n + s + l)po > nq(l + a). To show Theorem 8.9, similar to the proof of Theorem 8.2, replacing Lemma 
8.3 by Lemma 8.8 in the proof of Theorem 8.2, we see that it suffices to show that for any multiple of 
some {ip, g)-single-atom 6, 



ip {x,g%{T{b)){x)) dx<ip (R", ||fe||i,(R„ 

and for any multiple of {ip, q, s)-atom b supported in Qq := Q{xo, Rq) with Rq G (0, 2], 

^{x,g%{T{b)){x)) dx<^(Qo,||fo||Lj(Q„)). (8.9) 

The proof of (8.8) is similar to that of (8.3). We omit the details. 

Now, we prove (8.9). Let Qq := 2Qo- Similar to the proof of (8.5), we see that 

[ ^{x,g%{T{b)){x)) dx<ip(Qo,\\b\\L.^^Q^^^. (8.10) 
go ^ ^ 

To estimate /r^^Qj, v{^j ^^Ar(^^)(^)) consider the following two cases for Rq. 

Case 1) Rq G (0, 1). In this case, similar to the proof of [64, p. 74], wc see that for all x G Qq, 

-(n+s+i)in„i4^i 



G%{T{b)){x) < |x-.To|-("+^+i^|Qo|^||&llLnM") 



44 Yang D C et al. Sci China Math January 2012 Vol. 55 No. 1 

This, combined with Holder's inequahty, Lemma 8.7(iii) and the definition of Ap((j)a), implies that 
/ ip{x,g%iTib))ix)) dx 

■^K"\Qo 

< / ^(x,|x-xo|-("+^+i)|Qo|'^||&||li(E")) 

jR"\Qo ^ ^ 
oo „ 

< ^ / cp(x, |go|'^(2'=i?o)-("+-^+^)|l&|lLj(«")0a(IQo|)|Qo|) dx 
mo „ 

\Qo\'^{2'Ro)-^"+'+'^\\bhu^.^M\Qo\)\Qo\) dx 




(8.11) 



where the integer toq satisfies 2"'"-i =^ < 2"". 

To estimate Ii, for any fc S {1, • • • , mo}, by the choice of mg and i?o G (0, 1), we know that 2'^i?Q ^ 
1, which, together with the uniformly lower type po property of 93, Lemma 8.7(iii) and the fact that 
(71 + s + l)po > nq^X + a), implies that 

mo 

fe=i 

mo 

<^2'fc("+.+i)Po2'^»V(Qo,||6Lj(E")) <^(Qo,||&ILj(M")) . (8.12) 
fc=i 

For I2, similar to the estimate of Ii, we know that 

00 

l2< E ^(2'=go,|Qo|'^(2'=i?o)-^"+^+''||6||Lj(E.)) 
k—7no + 1 
00 

< E 2-'='"+^+i)^'v(2^-Qo,||fo||Lj(«.)) 

A;— mo + 1 
00 

< E 2-^-("+^+i)f°2^"«[0„(|2^go|)]V(Qo,||6||L',(K")) 

k—rriQ + 1 

< ^ 2-^-[("+^+i>-"«("+i)i(p (go, < ^ (Qo, l|fo|L^(M")) , 

k—7no + 1 

which, together with (8.10), (8.11) and (8.12), implies (8.9) in Case 1). 

Case 2) Rq E [1, 2]. In this case, similar to the proof of [64, (8.44)], we know that for all x € Qq, 

G%{T{b)){x) <\x- xo\-''\\bh^m^y (8.13) 

Take M > . By (8.13), Holder's inequality and Lemma 8.7(iii), we conclude that 

/ ^{x,g%{Tibmx)) dx 

jR"\Qo 

< I (p{x,\x - xo\'^'\\b\\Li(Rr.)) dx 

JR"\Qo 
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< ^ / ^ (x, (2'=i?o)-'''|l&|lLJ(M")0a(|Qo|)|Qo|) dx 

OO 

oo 

OO 

^ ^ 2-MMpo-».(l+«)]^-(Mpo-n,.)^ (^Q^^ < ^ (go, ||&|Uj(K")) , 

which, together with (8.10), imphes (8.9) in Case 2). This finishes the proof of Theorem 8.9. □ 

By Theorems 8.9 and 7.5, [54, p. 233, (4)] and the proposition in [54, p. 259], we have tlie following 
result. 

Corollary 8.10. Let T be an Si o(I^") pseudo- differential operator and ip a growth function satisfying 
f G Aoo((/)q,) for some a € (0, oo). Then there exists a positive constant C{ip, a), depending on cp and a, 
such that for all f G bmo^(R"), 

l|r/||bmo^,(K") < C{ip, a)||/||bmo^(R")- 

Remark 8.11. Let uj G Aca{4>a) for some a G (0, oo) and $ be an Orlicz function satisfying the fact 
that p$ = and is the attainable critical upper type index of $. Then, Theorem 8.9 and Corollary 
8.10 cover, respectively, [64, Theorem 8.18] and [64, Corollary 8.20] by taking (p{x,t) := uj{x)^{t) for all 
X G M" and t G [0,oo). 
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